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ABSTRACT 

Following the Burdine approach,  a theory i s  presented 
that develops the functional relat ionships among saturat ion,  
p re s su re  difference, and the  permeabi l i t ies  of a i r  and liquid 
in t e r m s  of hydraulic proper t ies  of part ial ly sa tura ted  porous  
media. P rocedures  fo r  determining these  hydraulic proper t ies  
f rom capil lary p r e s s u r e  - desaturat ion cu rves  a r e  described. 
Air  and liquid permeabil i t ies  a s  a function of saturat ion and 
capil lary p r e s s u r e  a r e  predicted f rom the  experimental ly de t e r -  
mined hydraulic propert ies.  

The theory  a lso  descr ibes  the requi rements  fo r  s imi l i -  
tude between any two flow sys t ems  in  porous media occupied by 
two immisc ib le  fluid phases  when the  nonwetting phase is s ta t ic  
and the flow of the wetting phase i s  descr ibed  by Darcy l s  law. 
The requi rements  f o r  s imil i tude a r e  exp res sed  in t e r m s  of the 
hydraulic proper t ies  of porous media.  



TABLEOFCONTENTS 

Abstract  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Notations and Definitions 

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Darcy 's equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Saturation defined 
Capillary pressure defined . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Relative permeabil i ty defined . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Burdine ' s  equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Effective sa tura t ion  defined . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Corey ' s  approximations f o r  relat ive permeabil i ty . . . . . . . . . . . . . . . . . .  

Theory  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Effective saturat ion a s  a function of capil lary p r e s s u r e  . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . .  Pore - s i ze  distr ibution index. X 

. . . . . . . . . . . . . . . . . . . . . . . . . .  Bubbling p r e s s u r e  Pb defined 

. . . . . . . . . . . . . . . . . . . . . .  Relative permeabil i ty a s  a function of X 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Exper imenta l  Techniques 

Saturation a s  a function of capillary p r e s s u r e  . . . . . . . . . . . . . . . . . . . .  
Air  permeabil i ty a s  a function of saturat ion and capillary p re s sue  . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . .  Porous  media used i n  exper iments  

. . . . . . . . . . . . . . . . . . . . .  Comparison of Exper imenta l  Results  with Theory 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  Determination of Pb and X 
. . . . . . . . . . . . . . . .  Air  permeabil i ty a s  a function of capil lary p r e s s u r e  

Liquid permeabil i ty a s  a function of capil lary p r e s s u r e  . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . .  Permeabi l i ty  a s  a function of sa tura t ion  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Similitude Requirements 

Richard ' s  equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . .  . . . . . . . . . . .  Riclfard's equation in t e r m s  of scaled var iables  ; 
Similitude c r i t e r i a  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Model requi rements  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Significance of Hysteres is  

References  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . .  . Appendix I Theoret ical  ba s i s  f o r  the Burdine equations 

. . . . . . . . . . . . . . . . .  Appendix.II. Method of determining res idual  saturat ion 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Appendix 111 Exper imenta l  da ta  

Page 

i i  



LIST O F  FIGURES AND TABLES 

Figures  Page 

1. Capillary p re s su re  head a s  a function of sa tura t ion  f o r  porous m a t e r i a l s  . . . . . . . . . . . . . . . . . . . . . . .  of varying pore -s ize  distributions 

2.  Effective saturat ion a s  a function of capil lary p r e s s u r e  head f o r  porous  . . . . . . . . . . . . . . . . .  mater ia ls  of varying pore-size distr ibutions 

3. Diagram of flow sys tem and p re s su re  control  sys t em f o r  a i r  permeabil i ty ce l l  ... 
. . . . . . . . . . . . . . . . . . . . .  4. Construction detai ls  of a i r  permeabil i ty ce l l  

5. Theoret ical  curves  and experimental  data of capil lary p r e s s u r e  head . . . . . . . . . . .  a s  a function of nonwetting phase re la t ive  permeabil i ty 

6 .  Predicted wetting phase relat ive permeabil i ty a s  a function of capil lary 
. . . . . . . . . . . . . .  p r e s s u r e  head compared with exper imenta l  da ta .  

7. Theoretical  curves  and experimental  data of nonwetting phase relat ive 
permeability a s  a function of sa tura t ion  for  unconsolidated ma te r i a l s  . . .  

8. Theoretical  curves  and experimental  data f o r  relat ive permeabi l i t ies  of the 
nonwetting (nw) and wetting (w) phases  a s  a function of saturat ion f o r  . . . . . . . . . . . . . . . . . . . . . . . . .  two consolidated sandstones 

9. Wetting phase relative permeability a s  a function of capil lary p r e s s u r e  on . . . . . . . . . . . . . . . . . . . . .  the imbibition and drainage cycles  

Tables 

1. (Appendix 111) Data from Air Permeabil i ty Cell  f o r  Unconsolidated Samples . . 
2. (Appendix 111) Data from Liquid P e r m e a m e t e r  Columns f o r  Unconsolidated . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  S amples  

3. (Appendix 111) Data from Liquid P e r m e a m e t e r  f o r  Consolidated Rock Cores  . . 
. . .  4. (Appendix III) Data from Air  P e r m e a m e t e r  f o r  Consolidated Rock C o r e s  



. - , . . ..., . ... ..: .".;:-,.-... .,.., ...:. ' . . - ' .I". . - .* . ir .  --I .- ." ' .  ' .  r . . . . .,: :. . ., .".. 
r,.. ; . i'.,*,?+...,..:-.r; 

U " .  . . .. 
1 . . * .+14 

? - < -  . %; ,,,. 3 # * - ,  I.. a, - . 

NOTATION AND DEFINITIONS . 
T - 

e - A subscript meaning "effective". ,*I . 

Q, - Porosity--the volume of pore space  expressed a s  s e e  section on experimental methods - - 
a fraction of bulk volume of the porous dimensions: F L - ~  . 
medium --dimensions: none. P C  - Capillary pressure--the pressure  difference 

4 1 ~  - Effective porosity--$(i  - Sr) --dimensions: none (Pnw - Pw)--dimensions: FL-'. . 
h - The elevation of a point in a porous medium 

above a datum--dimensions: L . 
k - Shape factor--a dimensionless parameter  which 

depends on the geometry of pore space but 
not on size:-dimensions: none. 

K - The maximum permeability t o  a particular fluid 
phase when only one phase occupies the 
media--dimensions: LZ . I t  is somet imes 
called "intrinsic permeability ". With porous 
media that a r e  stable in the presence of the 
fluids occupying them, K is a function of 
the geometry of the media. It is not a 
function of the viscosity o r  specific weight 
of the fluid. 

Ke - Effective permeability--the permeability of a 
porous medium to  a particular fluid phase 
when the medium is occupied by more  than 
one fluid phase--dimensions: L~ . 

Kx - The component of K in  the x-direction--dimen- 
sions: L2 . 

L - Length--distance between two points in a porous 
medium --dimensions: L . 

Le - Effective length--distance t raversed by differ- 
ential fluid elements in  moving between two 
points in a porous medium--dimensions: L . 

Lx - Length--the distance between two points in a 
porous medium in the x-direction--dimen- 
sions: L . 

R - Hydraulic radius--for tubes of uniform c r o s s  
section, the cross-sectional a r e a  divided by 
the wetted perimeter.  F o r  tubes of non- 
uniform cross-section,  the average hydrau- 
l ic radius is assumed to  be the volume of the 
tube divided by ~ t s  internal surface  a rea - -  
dimensions: L . 

nw - A subscript meaning "non-wetting phase". A 
non-wetting fluid phase is a fluid that does 
not directly contact the solid surfaces  in the 
presence of another fluid which wets the 
surface. In an a i r -water  system, for ex-  
ample, water is usually the wetting and a i r  
the non-wetting phase. 

P - Pressure--usually a measure  of the compressive 
force of fluid a t  a point and in  the case  of a 
static fluid i t  usually is the average intensity 
of the surface  force  acting on the fluid ele- 
ment a s  a point. In the case  of a wetting 
fluid in porous media where adsorptive 
forces  act ,  the meaning is expanded to  the 
quantity which is measured by a tensiometer 
at atmospheric pressure--dimensions:  

F L - ~  . 
P* - Piezometric pressure--the quantity P + y h. --  

dimensions: F L - ~  . 
Pb - Bubbling pressure--approximately the minimum 

PC on the  drainage cycle at which a contin- 

uous non-wetting phase exists in a porous 
medium. F o r  a m o r e  rigorous definition 

q - volume flux--the maximum component of the vol- 
ume  ra te  of discharge of a flowing fluid per 
unit a r e a  of the bulk medium. In  an isotropic 
medium the a r e a  referred to is a c ross -  
section perpendicular to the potential g ra -  
dient producing the flow--dimensions: LT-I . 

qx - Component of q in the x-direction--dimensions: 
LT-1 . 

r - A radial  distance - -dimension: L--also a sub- 
script  meaning "ratio" o r  "residual". 

S - Saturation--the ratio of the volume of wetting fluid 
to the volume of interconnected pore space in 
a bulk element of the medium - -dimensions: 
none . 

Se - Effective saturation- -given by (S - Sr) / ( i  - Sr) - - 
dimensions: none. 

S - The residual saturation--a saturation at which 
r the theory assumes that Kew i s  zero  and 

Kenw 
is a maximum. The method of deter-  

mining Sr is given in Appendix 11. 

T - Tortuosity- -the ratio (L, IL) ' --dimensions: none. 

u - A component of fluid velocity in the direction x-- 
dimensions: LT-i . 

- 
u - Mean value of u --the average value of u over a 

cross-section of fluid perpendicular to x- - 
dimensions: LT-i . 

V - The total velocity vector--the vector sum of u, - 
v, and w the components of fluid velocity 
in the x, y, and z coordinate directions 
respectively - -dimensions: LT-I . 

w - A subscript meaning wetting phase. A fluid that 
wets the solid surfaces of the media. In an 
air-water system, water i s  the wetting phase. 

y - Specific weight of fluid--weight per  unit volume of 
fluid--dimensions: F L - ~  . 

A - Denotes a difference. 

V - Denotes the gradient operator.  

V. -Denotes the gradient operator with respect to 
scaled coordinate distances. 

div - Denotes the divergence operator. 

Div. - Denotes the divergence operator with respect 
to scaled coordinate distances. 

E - The exponent in the equation: - E Krw - 'e - 
I) - The exponent in the equation: Krw = (pb/pc)I)  . 
h - The exponent in the equation: Se = (P /P  )' , 

b c 
called the pore-size distribution index. 

.p  -- Dynamic viscosity--dimensions: F L ~ T - '  . 
pZ - Square microns--a unit of permeability --  

dimensions: L Z  . 
cr - Interfacial tension--dimensions: FL-I . 
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INTRODUCTION 

I r r i g a t i o n  a n d  dra inage  e n g i n e e r s  a r e  faced 
with t h e  p r o b l e m  of get t ing w a t e r  into o r  out of so i l .  
In e i t h e r  c a s e ,  the  flow phenomenon involved 1s flow 
through par t i a l ly  s a t u r a t e d  porous  media.  When w a t e r  
e n t e r s  a so i l ,  air m u s t  be  rep laced ;  and when wate r  is 
removed ,  a i r  m u s t  en te r .  The  flow, there fore ,  in -  
vo lves  two la rge ly  i m m i s c i b l e  fluids: a i r  and wate r .  

Most  of the  l i t e r a t u r e  descr ib ing  flow of two 
i m m i s c i b l e  f lu ids  is found i n  journa l s  concerned with 
pe t ro leum technology o r  with s o i l  physics .  Because  
t h e  language i n  s o m e  of the  l i t e r a t u r e  is unfami l ia r  
and because  m u c h  of it is qual i ta t ive i n  nature,  
d ra inage  and i r r i g a t i o n  e n g i n e e r s  have not made  u s e  
of t h e  avai lable  information concerning two-phase 
flow. In t h e  des ign  of d ra inage  and i r r iga t ion  s y s t e m s ,  
e n g i n e e r s  (with r a r e  except ions)  have made  the  s i m p l i -  
fying a s s u m p t i o n s  t h a t  s o i l  is e i t h e r  completely s a t -  
u r a t e d  with w a t e r  o r  i t  is completely unsa tura ted  and 
tha t  r e s i s t a n c e  t o  flow of a i r  ( a s s o c i a t e d  with t h e  move  
ment  of w a t e r  in to  and out of soi l )  is negligible. Such 

l/ Contr ibut ion f r o m  t h e  Soil and Water  Conserva t ion  - 
R e s e a r c h  Divis ion,  Agr icu l tu ra l  R e s e a r c h  Service, 
USDA, and the  Agr icu l tu ra l  Engineer ing  Dept . ,  
Colorado  State  Universi ty .  

a s s u m p t i o n s  a r e  i n  m o s t  c a s e s  f a r  f r o m  rea l i s t i c .  In  
r e a l  c a s e s ,  t h e r e  e x i s t  funct ional  re la t ionsh ips  among 
t h e  sa tura t ion .  t h e  p r e s s u r e  d i f fe rence  be tween  a i r  
and wate r ,  and the p e r m e a b i l i t i e s  of air and water .  
The  purpose  of t h i s  p a p e r  is t o  d e s c r i b e  t h e s e  func-  
t ional  re la t ionsh ips  and t h e  p r o p e r t i e s  of p o r o u s  m e d i a  
which affect  them.  T h e  e x p e r i m e n t a l  ev idence  p r e -  
sen ted  ind ica tes  tha t  t h e s e  functional re la t ionsh ips  
( fo r  i s o t r o p i c  media )  c a n  b e  d e s c r i b e d  in t e r m s  of two 
per t inen t  s o i l  p a r a m e t e r s .  One of t h e s e  p a r a m e t e r s  
is cal led the  "bubbling p r e s s u r e "  which is r e l a t e d  t o  
t h e  maximum p o r e - s i z e  f o r m i n g  a continuous network 
of flow channe ls  within t h e  medium. T h e  o t h e r  p a r a m -  
e t e r  is cal led t h e  "pore-size d i s t r ibu t ion  index" which 
eva lua tes  t h e  distribution of s i z e s  of t h e  flow channe ls  
within a p a r t i c u l a r  p o r o u s  medium. 

T h e o r y  is p r e s e n t e d  which deve lops  t h e  func-  
t ional  re la t ionsh ips  a m o n g  sa tura t ion ,  t h e  p r e s s u r e  
difference,  and the  p e r m e a b i l i t i e s  of a i r  and  w a t e r  i n  
t e r m s  of t h e  bubbling p r e s s u r e  and t h e  dis t r ibut ion 
index. T h e  t h e o r y  a l s o  d e s c r i b e s  t h e  r e q u i r e m e n t s  
f o r  s imi l i tude  between any  two flow s y s t e m s  i n  porous  
media  occupied by two i m m i s c i b l e  f luid p h a s e s  when 
t h e  nonwetting phase  is s t a t i c  and t h e  flow of t h e  
wetting p h a s e  is d e s c r i b e d  by D a r c y ' s  law. T h e  r e -  
q u i r e m e n t s  f o r  s imi l i tude  a r e  a l s o  e x p r e s s e d  i n  t e r m s  
of t h e  bubbling p r e s s u r e  and  t h e  p o r e - s i z e  dis t r ibut ion 
index. 

21 R e s e a r c h  Agr icu l tu ra l  Engineer ,  USDA, and - Methods of m e a s u r i n g  t h e  bubbling p r e s s u r e  
P r o f e s s o r .  Agr icu l tu ra l  Engineering,  Colorado and the p o r e - s i z e  d i s t r ibu t ion  index  a r e  p resen ted ,  
State  Universi ty ,  F o r t  Coll ins ,  Colorado, r e s p e c -  and t h e  prob lem of s e l e c t i n g  su i tab le  p o r o u s  media  
tively. f o r  u s e  i n  l a b o r a t o r y  m o d e l s  is d i scussed .  



BACKGROUND 

In the two-fluid sys tem discussed herein,  the 
fluids a r e  assumed to be immiscible. They a r e  r e -  
f e r r ed  to  a s  the nonwetting and wetting phases. Even 
though the discussion i s  confined to  a gas-liquid 
sys tem,  the theory applies to any two-fluid sys tem in  
which the fluids a r e  immiscible.  

A convenient way to determine which phase is 
the wetting phase i s  to consider the two fluids in a 
capil lary tube. At the interface of the two fluids, the 
curvature is always concave toward the  wetting fluid. 
F o r  example, in a mercu ry -a i r  sys tem,  the air is the  
wetting phase; whereas in  an  a i r -wa te r  sys tem,  the 
air is the  nonwetting phase. In the experiments con- 
ducted fo r  t h i s  paper  the two fluids were  a i r  and oil. 

It is assumed that  Darcy l s  equation applies t o  
flow of both the  g a s  and liquid phases  occupying a 
porous medium. F o r  t h i s  assumption t o  be valid, 
both phases must  form continuous networks within the 
medium and any isolated bubbles of gas  must  be r e -  
garded a s  par t  of the porous matrix.  Da rcy l s  equa- 
tion is written a s  

in which qx i s  the  component of volume flux in  the 
x-direction, y is the specific weight of the fluid, C( 

i s  the viscosity, a h  and AP a r e  the difference in 
elevation and p r e s s u r e  respectively ove r  the- distance 
Lx in the x-direction, and Kx is the per'meability 

in  the x-direction. The volume flux qx is the volume 

of fluid (liquid o r  gas)  passing a unit c ross-sec t ional  
a r e a  of the porous medium perpendicular  t o  the  x-  
direction in a unit of t ime.  The permeabil i ty Kx 

h a s  dimensions of length squa red  and i t  is some t imes  
called "intr insic permeability". F o r  a stable,  homo- 
geneous, isotropic medium with pores  containing 
only one fluid, permeabil i ty is a constant and is con- 
s idered  a property of the medium. 

When two immisc ib le  fluids occupy the  po re s  
of a porous matr ix ,  the permeabil i ty t o  one fluid phase 
i s  called "effective permeabil i ty,  " Ke . F o r  a 

homogeneous isotropic medium containing a fluid of 
constant and uniform density, 

where q is the l a rges t  component of flux (which is 
in  the  direction of vP* and Pa:; is the quantity 
P + yh . In genera l ,  the  effective permeabil i ty will 
depend on the  fract ion of the total  pore space  occupied 
by one fluid phase. The subscr ip t  e t o  the coeffi- 
cient K indicates that  the permeabil i ty is not neces-  
sar i ly  that  of a medium occupied by only one fluid. 
Usually the  effective permeabil i ty will be  sma l l e r  
than K , the  permeabil i ty when only one fluid occu- 
p ies  the medium. The  ra t io  K,/K is called "relative 
permeability" and v a r i e s  f rom 0 t o  1. 0. The fract ion 
of the to ta l  po re  space  occupied by the wetting phase is 
defined a s  sa tura t ion  S . It is considered he re  a s  a 
quantity which can vary  from point t o  point within the 
medium. It is given by the relat ion 

I s = wj 
( 3) 

where AV (fluid) is the volume of fluid ,occupying a 
portion of t he  pore volume, AV (pores) ,  of a s m a l l  
volume element,  AV , of the medium. 

In genera l ,  the functional relationship, 
Ke = f(S) , is not single-valued but i s  affected by 

hys teres is .  The value of Ke will be different if a 

given value of S i s  obtained by s ta r t ing  with a dry 
medium and increas ing  the liquid saturat ion than if 
the  s a m e  value of S is obtained by removing liquid 
f rom an  initially vacuum-saturated medium. Hyster-  
e s i s  affects  both the  liquid and the gas  permeabil i t ies .  

Another assumption of th is  ana lys is  is that the 
liquid and gaseous  fluid phases  a r e  separa ted  by 
curved interfaces,  concave with respect  t o  the liquid. 
Th i s  assumption is valid at  relatively high liquid s a t -  
ura t ions  in a medium containing at  leas t  some  po res  
l a r g e  enough that the liquid permeabil i ty i s  substantial  
It is not always valid f o r  saturat ions l e s s  than field 
capacity o r  f o r  porous media having only extremely 
s m a l l  po re s ,  e. g. ,  the spaces  between clay platelets. 

When liquid i s  separa ted  from a g a s  by an  
interface,  a p re s su re  difference exists  a c r o s s  the 
interface.  This  p r e s s u r e  difference i s  called capil- 
l a r y  p r e s s u r e  PC and is related to the interfacial  

tension and curvature of the interface by the equation 

gas  'l.iquid 

where u is the interfacial  tension, r i  and rZ 

a r e  m a j o r  and minor radi i  of curvatures  at  a point on 
the  interface.  In a l l  c a se s  considered here ,  the solid 
m a t r i x  is wet by the liquid s o  that the liquid (except 
that  in f i lms  under the influence of adsorptive forces)  
is a t  a p r e s s u r e  l e s s  than the  p re s su re  of the  gas,  and 
PC i s ,  therefore ,  positive. 

The value of P C  depends on saturat ion and.on 

the  geometry of the  pore space  in  which the interface 
occurs ,  being l a rge r  in s m a l l  spaces  than in  la rge  
spaces  f o r  a given saturation. When a gas  displaces 
a liquid f rom a porous medium (by gradually increas-  
ing PC ), the  f i r s t  liquid displaced is that  occupying 

the  l a rges t  po re s  in  contact with the gas. As PC i s  

increased  fu r the r ,  the in ter faces  r e t r ea t  t o  succes -  
s ively s m a l l e r  spaces.  The saturat ion i s ,  therefore,  
a function of PC , and Ke i s  a l so  a function of 

PC , both being affected by hysteresis .  

Th i s  paper  is concerned pr imar i ly  with desorp- 
tion o r  drainage of liquid f rom m e d i a  thereby avoiding 
the hys t e r e s i s  problem. However, a shor t  discussion 
is presented  a t  the  end of the paper on the subject of 
hys teres is .  

If engineers  a r e  t o  deal  with the flow of water 
above the  water  table in connection with e i ther  irri- 
gation o r  drainage of so i l s ,  a knowledge of the func- 



t ional  relat ionship among effective permeability, s a t  - 
uration and capil lary p r e s s u r e  is essential .  This  

_--- ---- pape r  develops these  functional relat ionships using a 
model  of porous media  developed by invest igators [ 3, 
4, 11. 191 in  the petroleum industry. Specifically, 
t h e  analysis  presented he re  is an extension of the work 
of Burdine [ 31. 

According to the  analysis  of, Burdine, the 
re la t ive  permeability, Ke/Kw,  is approximated by 

the  relation: 
C r 

where Sr is the  res idual  saturat ion,  somet imes  

called irreducible saturat ion in the  petroleum l i te ra-  
ture .  The permeabil i ty is assumed to approach ze ro  
a t  t h i s  finite saturat ion.  Corey called the quantity 
(S - S r ) / ( l  - Sr) the effective saturat ion,  Se . By 
making a change of variable from S t o  Se in the 

in tegra ls  of the  above equation, the  relat ive wetting 
phase  permeability becomes 

Similarly,  f o r  the nonwetting phase 

F o r  the detai ls  of the  Burdine development leading up 
to equations (6) and (7), the r e a d e r  i s  r e f e r r ed  to  
Appendix I. The  ra t io  of in tegra ls  glven in equations 
(6) and (7) can be evaluated graphically o r  numerically. 
It can a l so  be evaluated analytically, if a suitable 
a lgebra ic  express ion  f o r  S = f (P  ) can be written. e c 

Corey [ 51 found that f o r  a l a rge  number of con- 
solidated porous rock,  the  ra t io  of in tegra ls  on the  
ri ht of equations (6) and ( 7 )  1s approximately equal to 
S p  and (1  - se)' respectively. He therefore  p ro -  

posed ( a s  a convenient approximation) the  equations: 

The  approximate equations of Corey have con- 
s iderable  utility because  the only pa rame te r  needed 

f o r  the i r  solution is the res idual  saturat ion.  Because 
of t he i r  convenience, the equations of Corey a r e  often 
used in  the petroleum industry fo r  making engineering 
calculations in r ega rd  to  solution-gas drive petroleum 
reservoi rs .  A comparison of t he i r  validity and con- 
venience with respect  t o  o ther  methods of est imating 

Krw was made by Loomis and Crowell  [ 1 2 ) .  

The approximations given by Corey  imply that  
effective saturat ion,  Se , is a l i nea r  function of 

where c . i s  some constant. F o r  most  porous media, 
equation (10) is not s t r ic t ly  correc t .  The authors  
have plotted seve ra l  hundred capil lary p r e s s u r e -  
desaturat ion curves  using data from consolidated rock 
samples  and found only a few samples  in  which the 
l inear  relationship was essential ly t rue .  However, 
when Corey's  approximations were compared with ex-  
perimental  data of Krw and Se f r o m  some  of 

these  s a m e  rock samples ,  the  comparison was favor-  
able. Evidently, the re la t ive  permeabil i t ies  a s  a 
function of Se a r e  not very  sensi t ive t o  changes in  the 
actual  shape of the capil lary p r e s s u r e  curve.  

According to  equation ( 6 )  f o r  a completely uni: 
form pore-size distribution. the value of the exponent 
in  Corey ' s  equation (8) would be 3.0. Averjanov [ i ]  
and Irmay [ 81 propo'sed equations s i m i l a r  t o  equation 
(8) in which values of 3. 5 and 3. 0 respectively were  
used a s  the exponent in t h e i r  equations. Both of t he se  
invest igators applied the i r  equations t o  unconsolidated 
sands  having a single-grain s t ruc ture .  Evidently, un- 
consolidated sands have a nar row range  of pore  s i z e s  
that  a r e  not absolutely uniform but which a r e  m o r e  
nearly uniform than most  so i l s  o r  consolidated rocks.  

Theoretically, Corey 's approximations a r e  
valid only f o r  a par t icu lar  pore-s ize  distribution. If 
equation (10) is substituted into equation (8) ,  the r e -  
sul t  i s  

but fo r  media with relat ively uniform p o r e s  the expon- 
ent in equation (1 1) i s  much l a r g e r  than 8 and theore t -  
ical ly could inc rease  without bound. Evidently, p e r -  
meability is a very  sensi t ive function of capil lary 
pressure .  Obviously, equation (1  1) cannot be valid 
f o r  a l l  porous media because permeabil i ty and sa tu ra -  
tion a r e  not unique functions of capil lary p r e s s u r e ,  a s  
Corey's  equations imply, but depend upon the  s i ze  
and arrangement of the pores.  Thus,  a genera l  r e l a -  
tionship between saturat ion and capil lary p r e s s u r e  is 
needed that will apply t o  a wide range of media. Such 
a relationship will allow equations (6)  and (7) t o  be 
integrated and provide genera l  relat ionships among 
the var iables  (permeability, saturat ion,  and capil lary 
pressure)  f o r  both the wettlng and nonwetting phases. 
If the relat ionships among the var iables  can be shown 
to  agree  with experimental  data, the  Burdine approach 
will be great ly strengthened. Also, permeabil i ty can 
be predicted not only a s  a functlon of saturat ion but a s  
a function of capillary p r e s s u r e  a s  well. 



THEORY 

T h e  b a s i s  f o r  the theory  of t h i s  sec t ion  is t h e  
observat ion f r o m  a l a r g e  number  of e x p e r i m e n t a l  da ta  
that  

h 

Se = (2) f o r  PC 2 Pb 

where  h and Pb a r e  c h a r a c t e r i s t i c  cons tan ts  of t h e  

medium. It will be shown l a t e r  that  h is a n u m b e r  
which c h a r a c t e r i z e s  the p o r e - s i z e  dis t r ibut ion and  

P b  is a m e a s u r e  of the maximum p o r e - s i z e  f o r m i n g  

a continuous network of flow channe ls  within the  
medium. 

Equation (1  2) was d i scovered  by plotting log 

Se a s  a function of log P /y on t h e  dra inage  cycle .  

The  r e s u l t  ( f o r  a l l  media  invest igated t o  date)  is a 
s t ra igh t  l ine with a negative s lope A f o r  P c / y  1 Pb/y. 

F i g u r e  2 shows e x a m p l e s  of t h i s  kind of plot f o r  s e v -  
e r a l  media.  The  p a r a m e t e r  P b / y  is defined by the 
in te rcep t  where  the  s t r a i g h t  l ine m e e t s  t h e  o rd ina te  
represen t ing  Se = 1. 0 and it  is cal led the  bubbling 
p r e s s u r e  of t h e  medium. 

T o  d e t e r m i n e  Se f o r  t h e  p a r t i c u l a r  va lues  of 

P c / y  , i t  is n e c e s s a r y  t o  have p r e c i s e  cap i l l a ry  p r e s -  

s u r e  desaturat ion da ta  such  a s  that  shown i n  f igure  1. 
Also,  the res idua l  sa tura t ion  S mus t  be known t o  

compute Se . T h e  procedure  f o r  de te rmin ing  Sr is 

explained in detai l  i n  Appendix 11. F o r  the  purpose  of 
t h i s  paper ,  the  definition of r e s i d u a l  sa tura t ion  is 
implici t  i n  t h e  method of i t s  determinat ion,  but i t  is 
roughly analagous t o  the non-drainable w a t e r  content 
r e f e r r e d  t o  by dra inage  engineers .  The  negative of 
the  s lope of the  c u r v e  of Se a s  a function of P c / y  

is designated a s  h , and i t  i s  cal led t h e  p o r e - s i z e  
dis t r ibut ion index of the  medium. 

If equation (12) i s  subst i tuted into equat ion (6 )  
and the indicated in tegra t ions  a r e  p e r f o r m e d ,  the  rela-  
t ive permeabi l i ty  of t h e  wetting phase  b e c o m e s  

Krw = (2) f o r  PC , Pb 

Simi la r ly ,  f o r  t h e  nonwetting phase  

f o r  P C  2 Pb . 
Equat ions  ( 1  2 )  - (16)  p r e s e n t  t h e  theory  regard-  

ing the  i n t e r r e l a t i o n s h i p s  a m o n g  the v a r i a b l e s  PC , . . 
Se , Krw , and Krnw . By exper imenta l ly  
d e t e r m i n i n g  t h e  p a r a m e t e r s  Pb, h , and K , the 

effect ive p e r m e a b i l i t i e s  t o  e i t h e r  t h e  wetting o r  non- 
wetting fluid phase  a t  any  effect ive sa tura t ion  o r  cap-  
i l l a r y  p r e s s u r e  m a y  be predicted.  

It  is expected tha t  t h i s  theory  is valid only f o r  
i s o t r o p i c  m e d i a  and possibly only f o r  t h e  d ra inage  
cycle .  It should,  however ,  be valid f o r  any p o r e -  
s i z e  d i s t r ibu t ion  s i n c e  equat ion (12) h a s  been found t o  
hold f o r  m e d i a  having a \vide range  of p o r e - s i z e  d i s -  
t r ibu t ions .  

Theore t ica l ly ,  h could have any posi t ive 
va lue  g r e a t e r  than z e r o ,  being s m a l l  f o r  media  
having a wide r a n g e  of p o r e  s i z e s  and l a r g e  f o r  media  
with a re la t ive ly  uniform p o r e  s ize .  It s e e m s  logical ,  
t h e r e f o r e ,  t o  designate  t h e  exponent X a s  t h e  p o r e -  
s i z e  d i s t r ibu t ion  index. 

Equa t ions  (1 3) and (14)  have been e x p r e s s e d  i n  
t e r m s  of t h e  exponents  c and q a s  i t  is poss ib le  t o  
d e t e r m i n e  t h e s e  exponents  exper imenta l ly  without any 
knowledge of the cap i l l a ry  p r e s s u r e  desa tura t ion  
curve .  I t  is i n t e r e s t i n g  t o  note that if t h e  lower  lirriit 
of . X is z e r o ,  the  t h e o r e t i c a l  lo\ver l imi t  of q is 2 

In applying t h i s  theory ,  it  should be  recognized 
t h a t  v a l u e s  of Se and Ke,\, m a y  ex is t  a t  P < Pb , 
but t h e  t h e o r y  d o e s  not hold f o r  P C  < Pb . T h e  

s ign i f icance  of the p a r a m e t e r  Pb i s  d i s c u s s e d  i n  

m o r e  de ta i l  i n  the  following sect ions.  It should a l s o  
b e  recognized  that  v a l u e s  of S .: F . can ex is t  but that  

t h e  t h e o r y  cannot apply in t h l s  range  of saturat ions.  
and m a y  b e c o m e  i n a c c u r a t e  at  s a t u r a t i o n s  v e r y  c lose  
t o  Sr . 

T h e  t h e o r y  m a k e s  t h e  s implifying assumpt ions  
t h a t  Kew is z e r o  and  Ken\,, i s  a maximum a t  S . 
N e i t h e r  is ac tua l ly  t r u e .  It is a fact ,  however ,  that  
when t h e  c u r v e s  of Kew a s  a function of 5 a r e  

ex t rapola ted ,  Kew a p p e a r s  t o  approach  z e r o  a t  the  

f ini te  s a t u r a t i o n  Sr . 

St i l l  a n o t h e r  l imi ta t ion  of tl!e theory  is that  i t  
a s s u m e s  t h a t  the  p o r o u s  m a t r i x  \rill not undergo  any 
change i n  g e o m e t r y  a s  i t  changes  f r o m  a fu l l  saturated 
condit ion t o  a value of S approaching Sr . 
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F i g u r e  1. Capi l l a ry  p r e s s u r e  head  as a function of sa tura t ion  f o r  
p o r o u s  m a t e r i a l s  of vary ing  p o r e - s i z e  dis t r ibut ions.  
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F i g u r e  2. Effect ive s a t u r a t i o n  a s  a function of cap i l l a ry  p r e s s u r e  head 
f o r  porous  m a t e r i a l s  of  varying p o r e - s i z e  dis t r ibut ions.  



EXPERIMENTAL TECHNIQUES 

T o  date ,  t h e  a u t h o r s  have  invest igated mos t ly  
unconsolidated m e d i a  i n  verifying t h e  theory  because  
it  h a s  been e a s i e r  t o  c r e a t e  unconsolidated media  
which a r e  i s o t r o p i c  than t o  find consol idated porous  
r o c k s  which a r e  isotropic .  T h e  a u t h o r s  have  devel-  
oped ways  t o  m e a s u r e  S , PC , and  Kenw s i m u l -  

taneously with suff icient  p r e c i s i o n  on  the  unconsol i-  
dated samples .  T o  date, i t  h a s  been  n e c e s s a r y  t o  
m e a s u r e  Kew a s  a funct ion of PC by  s e p a r a t e  e x -  

p e r i m e n t s ,  because  methods  of m e a s u r i n g  Kew and 

Kenw s imul taneous ly  with suff icient  p rec i s ion  f o r  

unconsolidated media  have not vet  been  developed. 
One method t h a t  h a s  been d e s c r i b e d  i n  the  l i t e r a t u r e  
by C o r e y  [ 6 ]  r e s u l t s  i n  defect ive m e a s u r e m e n t s  of 
Kenw in t h e  high s a t u r a t i o n  (low K ) range.  enw 

P r e c i s e  c u r v e s  of S a s  a function of P 

w e r e  obtained with a device s u c h  that  t h e  e n t i r e  s a m -  
ple  was held a t  a un i form cap i l l a ry  p r e s s u r e  f r o m  
t o p  t o  bottom. Ord inar i ly  in  a l iquid-gas s y s t e m ,  the  
d i f fe rence  i n  spec i f ic  weight of the  two f luids  wil l  p r o -  
duce  a g r e a t e r  PC a t  t h e  t o p  of a s a m p l e  than a t  the  

bot tom ( u n d e r  s t a t i c  conditions).  

T o  o v e r c o m e  t h i s  difficulty, a l l  t h e  c u r v e s  f o r  
unconsol idated m e d i a  shown i n  f igure  1 w e r e  d e t e r -  
mined by maintaining a p r e s s u r e  d i f fe rence  i n  t h e  a i r  
phase  exact ly e q u a l  t o  t h e  difference i n  t h e  s t a t i c  
liquid p r e s s u r e  between t h e  t o p  and bot tom of t h e  
sample .  It  w a s  convenient t o  m e a s u r e  t h e  g a s  p e r m e -  
abi l i ty  s imul taneous ly  by measuring the  flow of a i r  
tha t  r e s u l t e d  f r o m  t h e  g r e a t e r  a i r  p r e s s u r e  a t  t h e  
bottom of t h e  sample .  T h e  flow d i a g r a m  is presen ted  
i n  f igure  3 and the  c e l l  u s e d  f o r  containing the uncon- 
so l ida ted  s a m p l e  is shown i n  f igure  4. 

By-pass ing  of a i r  along t h e  boundar ies  w a s  
prevented  by  providing a r u b b e r  s l e e v e  which w a s  
held aga ins t  the  o u t e r  c i r c u m f e r e n c e  of t h e  s a n ~ p l e  
with a pneumat ic  p r e s s u r e  f r o m  5 - 20 p s i  depending 
upon t h e  t e x t u r e  of t h e  sample .  Liquid was  removed  
th rough  a hollow c e r a m i c  cy l inder  which was  f i l led 
with liquid and connected t o  a ca l ib ra ted  g l a s s  tube 
f o r  m e a s u r i n g  t h e  outflow. T h e  m e d i a  s a m p l e s  
occupied t h e  a n n u l a r  s p a c e  between t h e  hollow c e r a m i c  
cy l inder  and t h e  r u b b e r  s leeve .  

A   air of D r e s s u r e  con t ro l  r e s e r v o i r s  con-  
t r o l l e d  t h e  1 i q ~ i d ' ~ r e s s u r e  i n  t h e  medium. A f lexible  
p l a s t i c  tube connected t h e  top of t h e  u p p e r  r e s e r v o i r  
t o  t h e  outflow end of the  hor izon ta l  m e a s u r i n g  tube.  
Another  f lexible  p l a s t i c  tube connected t h e  bottom of 
t h e  upper  r e s e r v o i r  t o  t h e  bottom of t h e  lower  r e s e r -  
v o i r ,  t h e  top  of t h e  l o w e r  r e s e r v o i r  being open t o  the  
a tmosphere .  T h e  liquid p r e s s u r e  i n  t h e  medium w a s  
d e c r e a s e d  i n  i n c r e m e n t s  by lower ing  t h e  lower  r e s e r -  
vo i r ,  t h e  p r e s s u r e  being m e a s u r e d  with r e s p e c t  t o  
a t m o s p h e r i c  p r e s s u r e  by t h e  difference i n  liquid 
e leva t ions  i n  t h e  u p p e r  and  l o w e r  r e s e r v o i r s  a t  equi-  
l ib r ium.  A c o r r e c t i o n  w a s  m a d e  f o r  the  cap i l l a r i ty  of 
t h e  outflow m e a s u r i n g  tube and f o r  its position r e L -  
t i v e  t o  t h e  s a m p l e  container .  

T h e  cap i l l a ry  p r e s s u r e  w a s  de te rmined  by the  
difference i n  p r e s s u r e  bc .ween t'i; air and  the  liquid 

i n  t h e  medium.  T h e  s a t u r a t i o n s  of t h e  s a m p l e s  w e r e  
d e t e r m i n e d  by noting t h e  accumula ted  outflow f r o m  
the  medium a t  each i n c r e m e n t  of cap i l l a ry  p r e s s u r e  
(a f te r  outflow stopped) and sub t rac t ing  t h i s  f r o m  the  
t o t a l  l iquid contained i n  t h e  fully s a t u r a t e d  s a m p l e s .  

T h e  p r e s s u r e  of t h e  a i r  at the  bot tom of the  
s a m p l e s  w a s  maintained g r e a t e r  than a t m o s p h e r i c  by 
a n  amount  e q u a l  t o  t h e  s t a t i c  liquid p r e s s u r e  d i f fe r -  
e n c e  between the  bottom and  top  of t h e  s a m p l e s .  T h e  
air p r e s s u r e  a t  the  bot tom of t h e  s a m p l e s  w a s  con-  
t r o l l e d  by a p r e c i s i o n  p r e s s u r e  regu la tor ,  t h e  a i r  
p r e s s u r e  a t  t h e  top of the  s a m p l e s  be ing  a tmospher ic .  

T h e  resu l t ing  upward  flow of a i r  w a s  m e a s u r e d  
with one of s e v e r a l  soap-f i lm f lo \vmeters  of different  
s i z e s ,  depending on t h e  amount  of d i scharge .  T h e s e  
f l o w m e t e r s  m e a s u r e  t h e  volume flux d i rec t ly  and 
r e q u i r e  no ca l ib ra t ion  o t h e r  than the in i t i a l  ca l ib ra t ion  
of the  tube  containing t h e  s o a p  film. T h e  ca l ib ra ted  
soap- f i lm t u b e s  a r e  e n c a s e d  i n  evacuated and s e a l e d  
g l a s s  s h e l l s  s o  that t e m p e r a t u r e  f luctuat ions in  t h e  
r o o m  had  l i t t l e  affect on t h e  m e a s u r e m e n t s .  

In o r d e r  to  p revent  e r r o r s  in  m e a s u r e m e n t  of 
s a t u r a t i o n  due t o  liquid being removed  a s  vapor  in  the  
flowing a i r ,  t h e  a i r  e n t e r i n g  t h e  media  w a s  p r e -  
s a t u r a t e d  with the  vapor  of t h e  liquid used  i n  the 
medium.  

M e a s u r e m e n t  of liquid re la t ive  permeabi l i ty  
a s  a function of cap i l l a ry  p r e s s u r e  w a s  accompl i shed  
i n  s e p a r a t e  e x p e r i m e n t s  us ing  a n  a p p a r a t u s  s i m i l a r  
t o  tha t  employed by Scott and Corey  [ 181. T h e  c o l u m s  
v a r i e d  i n  length and w e r e  cons iderab ly  s h o r t e r  than  
t h o s e  employed  by Scott and  Corey i n  o r d e r  that  they 
could b e  packed in a homogeneous and reproduc ib le  
m a n n e r  us ing  a mechanica l  paclier p a t t e r n e d  a f t e r  a 
design by J a c k s o n  et.  al.  [ 91. In  one c a s e  ( the  g r a n u -  
l a ted  m i x t u r e )  the  column \\:as packed by a method 
s i m i l a r  t o  that  suggested by Reeve and Brooks  [ 161. 

T h e  column method p e r m i t s  s teady  downward 
flow with t h e  wetting phase  a t  p rac t ica l ly  constant  
p r e s s u r e  along t h e  length of t h e  t e s t  sec t ion  of the  
columns.  T h e  cap i l l a ry  p r e s s u r e  was ,  t h e r e f o r e ,  
n e a r l y  cons tan t  dur ing  a p a r t i c u l a r  m e a s u r e m e n t .  A 
s e r i e s  of t e n s i o m e t e r  r i n g s  s e n s e d  t h e  p r e s s u r e  by 
contact  a round  the  c i r c u m f e r e n c e  of t h e  co lumns  and 
did not i n t e r f e r e  i n  any way with the  flow sect ion.  

T h e  co lumns  w e r e  f i r s t  vacuum sa tura ted .  The  
m a x i m u m  wetting p h a s e  permeabi l i ty  w a s  then  d e t e r -  
mined  by downward flow a t  a p r e s s u r e  s l ight ly l e s s  
t h a n  t h e  p r e s s u r e  of t h e  sur rounding  a i r ,  but not 
enough l e s s  t o  p e r m i t  a i r  t o  invade t h e  columns. T h e  
cap i l l a ry  p r e s s u r e  w a s  t h e n  i n c r e a s e d  in i n c r e m e n t s  
by d e c r e a s i n g  the  p r e s s u r e  of t h e  wetting fluid a t  t h e  
top  and bot tom of t h e  columns.  T h i s  w a s  poss ib le  
because  t h e  wetting fluid e n t e r e d  and lef t  t h e  co lumns  
th rough  p o r o u s  b a r r i e r s  that  r e m a i n e d  comple te ly  
s a t u r a t e d  throughout  the e x p e r i m e n t s .  

When PC w a s  i n c r e a s e d  beyond a c r i t i c a l  

value,  air pene t ra ted  the  co lumns  th rough  joints  i n  
t h e  p l a s t i c  wal l s  of t h e  columns.  A f t e r  t h e  p e n e t r a t i m  
of air s t o p r z ?  and th- flow reached  a s teady  s t a t e  as 
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SECTION A-A 

P a r t s  and h la le r ia l s  far 

Air Permeabilit\.--Cunillars I't.cssurr Cell 

Par t  s o .  
0 ,  Name Size rcq'd &laterial 

I .  Sleeve P r e s s u r e  Tap 1/8" tube--118" hlPT 1 B r a s s  (Swagelok) 

2. Rubber Sleeve 2-11? ID x 1/32" wall 1 Hpcar tubing. 
x 4 "  Durometer  35 

3. Head Bolt 1/4"-20 a 2-1/2" G Sicel 

1. Upper Head Pla te  4-314'' dia. r l/Z" thick 1 P las t lc  

5. Lower  Head Pla te  4-3/4" dia. x l/2" thick I P las t ic  

6. Air  Outflow T a p  I/4" tube- l /4"  - 28 hl. T. 1 B r a s s  

7. A i r  Inflow- T a p  i / 4 "  tube-1/4" - 28 i\l. 7. I B r a s s  

8. Rlanometer T a p  1/8" tube--5-40 hl. T. 2 B r a s s  

8. Liquid Outflow Tap 3/16" tube-3/8"-1G h1.T. I Steel ( a i r  tight con- 
nection with Par t  16) 

10. Ccramlc  B a r r i e r  3. 25 cm.  OD s 1. 5 I Ceramic (Selas 015) 
to Air  m m  tvall s 5 .  5 cnl. h u b l i n g  p r e s s u r e  = 

15 PSI 
I i. Retainer Ring 6 . 8  cm.  OD a 0 .5  m m  I %eel  

n'all s 0.4 cln. 
I 2. F i b c r  Class  Disk . i .  0 cm. dia. s 0. l. n,n> 2 Fiberg lass  

I I 13. 0 Ring. 2-7.8"lD s l i 8 "  wall . 2 Seoprens  . 
, : I  

, ' I  
11/16" ID n 3/32" wall 1 Seoprene  

- ' 1 '  14. Lower Tens iometer  1/4"-20 s I" 1 B:'ass - - Scveu 

FRONT VlEW 

15. t ipper Tens iometer  3/6"-16 KC I s r a s s  
xu1 

16. Tensiometer-liquid 3. 25 cm. OD h 5 .  5 cm. t Plas t ic  and C e r a m i c  
Outflo\r. Asscmblg 

17. Sleeve Cylinder 2-314" ID x I/1" wall 1 P las t ic  
x 2-1/8" 

18. Head Bolt Ring 4-3/4" OD s 2-3/4" ID 1 P las t ic  (cemented t o  
x l /Zu Pan 17) 

19. Head Bolt Spacer  3/8" OD x 1/16" wall G b e e 1  tube 
x l/Z" 

M P T  = illale pipe thread  
hlT = Male thread  

F i g u r e  4. Cons t ruc t ion  de ta i l s  of a i r  permeabi l i ty  cel l .  



indicated by t h e  s t e a d i n e s s  of t h e  d i s c h a r g e  and  t h e  
read ings  f r o m  m a n o m e t e r s  at tached t o  t h e  t ens iometer  
r i n g s ,  the  d i s c h a r g e  was  m e a s u r e d  and t h e  effect ive 
permeabi l i ty  determined.  The  p r o c e s s  was  r e p e a t e d  
o v e r  t h e  d e s i r e d  range  of % . 

In o r d e r  t o  c o m p a r e  the nonwetting phase  
p e r m e a b i l i t i e s  with the  wetting phase  permeabi l i t i es .  
t h e  a i r  permeabi l i ty  ce l l  w a s  packed with a medium a t  
a porosi ty  a s  n e a r  a s  possible  t o  that  obtained with 
t h e  s a m e  m a t e r i a l  with the  column packer .  T h e  
co lumns  used  f o r  the  wetting phase  permeabi l i ty  
m e a s u r e m e n t s ,  however ,  did not have a p r e s s u r i z e d  
s leeve .  In one  c a s e ,  with a s i l t  loam so i l ,  t h e  a i r  p e r -  
m e a m e t e r  c e l l  with i t s  p r e s s u r i z e d  s l e e v e  caused  t h e  
medium t o  c o m p r e s s  t o  a f lnal  poros i ty  substant ial ly  
l e s s  than that  obtained with the column packer .  T h i s  
would probably happen with any highly c o m p r e s s i b l e  

s o i l  when l t  is sa tura ted .  In the  c a s e  of the  g r a n u l a r  
m a t e r i a l s  used  i n  t h i s  invest igat ion,  it  was usual ly 
poss ib le  to  obtain near ly  the  s a m e  poros i t i es  i n  t h e  a i r  
p e r m e a m e t e r  c e l l  as in t h e  s l e e v e l e s s  columns.  

In a l l  c a s e s  the wetting f luid w a s  a h y d r o c a r -  
bon liquid* and the nonwetting fluid was a i r .  T h e  
hydrocarbon w a s  se lec ted  ins tead  of w a t e r  p r i m a r i l y  
because  s o i l  s t r u c t u r e  is much m o r e  s tab le  i n  t h e  
p r e s e n c e  of t h e  hydrocarbon than i n  the  p r e s e n c e  of 
water .  The hydrocarbon  a l s o  h a s  m o r e  consis tent  
wetting p r o p e r t i e s ,  and i t s  s u r f a c e  tension is not 
changed a s  read i ly  by contaminants .  T h e  re la t ionsh ip  
between the cap i l l a ry  p r e s s u r e  head f o r  wate r  and o i l  
i n  a s tab le  medium was  esper lmenta l ly  found t o  b e  

where  t h e  s u b s c r i p t  u; and o designate  wate r  and  
oi l ,  r espec t ive ly .  

The  unconsolidated media  used  i n  t h i s  inves t i -  
gation cons i s ted  of m a t e r i a l s  having a s t r u c t u r e  r e l a -  
t ively s tab le  i n  the p r e s e n c e  of the  hydrocarbon liquid. 
Although a l a r g e  number  of m a t e r i a l s  were  inves t i -  
gated i n  p r e l i m i n a r y  s t a g e s  of t h e  invest igat ion,  a 
complete  s e t  of data  was obtained on only five of t h e  

unconsolidated media.  T h e s e  media ,  however ,  r e p r e -  
sen ted  a v e r y  wide range  of hydraul ic  c h a r a c t e r i s t i c s .  
A descr ip t ion  of t h e  five m a t e r i a l s  on which m o r e  o r  
l e s s  complete  da ta  were  obtained is a s  folloivs: 

1. Volcanic s a n d - - T h i s  m a t e r i a l  c o m e s  f r o m  a 
wind-blo\irn deposi t  along C r a b  C r e e k  i n  
bi'ashington State. It c o n s i s t s  of dark-co lored  
a g g r e g a t e s  which c a n  be broken  down into 
f i n e r  particles by p r e s s u r e .  I t  is not known 
t o  what d e g r e e  t h e s e  a g g r e g a t e s  a r e  themse lves  
p e r m e a b l e ,  but they undoubtedly have s o m e  
permeabi l i ty .  At any r a t e ,  t h i s  sand h a s  a d e -  
g r e e  of s t r u c t u r e  and h a s  both p r i m a r y  and 
s e c o n d a r y  porosi ty .  

2. F i n e  s a n d - - T h i s  s a n d  was  supplied by t h e  
Hanford L a b o r a t o r i e s  of G e n e r a l  E l e c t r i c  
Company a t  Richland, Washington, and a p p a r -  
ent ly con ta ins  s o m e  volcanic minera l s .  I t  
contains  a wide range  of p a r t i c l e  s i z e s ,  r a n g -  
ing down t o  s i l t  s i ze .  Most of t h e  p a r t i c l e s  
a r e  a n g u l a r  and not a s  rounded a s  m o s t  r i v e r  
bed sands .  

3. G l a s s  beads- -The  beads  w e r e  purchased  f r o m  _ ,, 
t h e  Minnesota Mining and Manufacturing Com-o . 
pany and  designated as s i z e  130-5005. T h i s  
m a t e r i a l  is a n  example  of media  having a v e r y  
n a r r o w  r a n g e  of p o r e  s izes .  It is not much 
different  i n  t h i s  r e s p e c t ,  however ,  f rom,  many 
c lean  r i v e r  bed  sands .  i' 

4. F r a g m e n t e d  m i x t u r e - - T h i s  medium w a s  ob- 
ta ined by  mixing a g g r e g a t e s  c r e a t e d  by c r u s h -  .. 
ing oven-dr ied  clay and a consol idated sand-  
s tone  with t h e  volcanic  sand.  T h e  aggrega tes  
w e r e  c r u s h e d  unt i l  all p a s s e d  through a # 3 2  
sieve.  T h i s  m a t e r i a l  was  c r e a t e d  t o  s imula te  
a s o i l  having a well aggrega ted  s t r u c t u r e  with 
s e c o n d a r y  as well  a s  p r i m a r y  porosi ty .  The  
a g g r e g a t e s  w e r e  m u c h  m o r e  s t a b l e ,  however ,  
than t h o s e  found i n  o r d i n a r y  soi ls .  

5. Touchet  s i l t  l o a m - - T h i s  s o i l  c o m e s  f r o m  the  
Columbia R i v e r  b a s i n  and w a s  a l s o  supplied by 
t h e  Hanford Labora tory .  It is e x t r e m e l y  fine 
tex-tured in t h a t  i t  contains  p rac t ica l ly  no 
c o a r s e  sand ,  but i t  is somewhat  unusual  in  
that  i t  con ta ins  a s m a l l e r  amount  of c lay than 
would b e  expected i n  such  a f ine- textured soil.  
It  i s ,  i n  fact ,  n e a r l y  p u r e  s i l t  mixed with s o m e  
e x t r e m e l y  f ine  sand. It contains  enough clay,  
however ,  t o  c r e a t e  a s t r u c t u r e  with secondary  
porosi ty .  

In addition t o  the  f ive unconsolidated media,  
two consol idated sands tone  c o r e s  w e r e  invest igated.  
One of t h e s e ,  B e r e a  Sandstone, w a s  cut  perpendicu la r  
t o  the  bedding planes.  I n  t h e  d r y  s t a t e  and i n  t h e  
fully s a t u r a t e d  s t a t e  t h e  s t ra t i f i ca t ion  w a s  not visible. 
Af te r  s a t u r a t i n g  the  m a t e r i a l  completely with liquid 
and then  desa tura t ing  t o  a value of S of about 0. 80 
t o  0. 90, t h e  s t r a t a  b e c a m e  plainly vis ible .  At t h i s  
a v e r a g e  sa tura t ion ,  t h e  f iner - tex tured  s t r a t a  w e r e  
s t i l l  fully s a t u r a t e d  and d a r k e r  than  the  par t i a l ly  
d e s a t u r a t e d  coarse r tex?ured  s t r a t a .  T h e  f i n e r  and 
c o a r s e r  s t r a t a  a l t e r n a t e  i n  posi t ion i n  a m o r e  o r  l e s s  
r e g u l a r  pa t te rn ,  t h e  individual  s t r a t a  being about 118 
inch  thick. 

T h e  o t h e r  sands tone  invest igated,  Hygiene 
f r o m  t h e  P i e r r e  F o r m a t i o n  i n  Colorado,  contains  no 
vis ible  bedding. It contains  a subs tan t ia l  amount of 
c lay and thus  h a s  a r a t h e r  high value of Sr (0. 577). 

It h a s  a n  unusual ly n a r r o w  p o r e - s i z e  dis t r ibut ion f o r  
a m a t e r i a l  having such  a high r e s i d u a l  sa tura t ion .  T k  
s ignif icant  hydraul ic  p r r ~ ! ~ e r 1 . ~ e s  of the seven  media  
d e s c r i b e d  above a r e  tabulated in  T a b l e s  1 - 4 i n  
Appendix 111. 

B e c a u s e  the theory  on which equation (15)  i s  
based  a s s u m e s  that  Krnw = 1 a t  S = Sr , Knw is 
defined i n  t h i s  p a p e r  in  a somewhat  a r b i t r a r y  manner ;  
i. e. , t h e  va lue  of Knw u s e d  in the  denomina tor  of 

t h e  r a t i o  'rnw w a s  obtained by extrapolat ing Knw 

vs. P /y t o  l a r g e  va lues  of Pc /y .  At va lues  of S 

l e s s  than Sr  , the  va lues  of Krnw may b e  g r e a t e r  

than 1 ; but s i n c e  t h e  t h e o r y  d o e s  not apply t o  t h i s  
r a n g e  of s a t u r a t i o n s ,  the -var ia t ion  of , Krnw i n  t h i s  

range  w a s  not invest igated i n  detail .  Where  t h e  da ta  
a r e  avai lable ,  however ,  they  a r e  tabulated in t h e  
t ab les .  

Another  r e a s o n  f o r  defining I<rnw i n  t h i s  

way was  that  i n  the  c a s e  of t h e  unconsolidated media ,  
it w a s  not p r a c t i c a l  t o  d e t e r m i n e  t h e  ac tua l  maximum 

* Sol t ro l  "C" c o r e  t e s t  fluid. Ph i l l ips  Pe t ro leum 
Company, Spec ia l  P r o d u c t s  Division, Bar t lesv i l l e ,  
Oltlahoma. 



airpermeabil i ty.  Knw . It was possible to de termine  I t ion of Sr in a reasonable t ime by increasing the  .. .. 
the  a i r  permeabil i ty before the media were  sa tura ted  
in the a i r  permeabil i ty cel l ,  but t h i s  was 'usually not 
the maximum value of a i r  permeabil i ty a s  determined 
a f t e r  the s amples  had been vacuum sa tura ted  and then 
desaturated. This  value of Knw often exceeded the  

a i r  permeabil i ty value of dry  media  even before S 
was reduced to  Sr . Evidently, the  p r o c e s s  of 

saturat ing and then drying caused the  pulling together 
of fine mater ia l  into aggregates  and the crea t ion  of 
l a r g e r  pores.  

The samples  could not be brought to a s a tu ra -  

Regative p r e s s u r e  of the  outflow tube. They could, of 
course ,  have been dr ied  fu r the r  by evaporation, but 
t h i s  would have foiled the mater ia l  balance calculation 
of the  saturation. Experiments with unconsolidated 
media  were  actually terminated at  S > Sr . The 

samples  were  removed f rom the ce l l  and the volume of 
of liquid remaining in  the sample  was measured  
gravimetrical ly.  Th i s  volume of liquid was added t o  
the volume removed during the experiment t o  obtain 
the  volume at  a saturat ion of 1. 0 s o  that  mater ia l  
ba1anc.e computations of saturat ions a t  other values of 
P /y could be made. 

C 





~ i ~ u k e  5. Theoretical  curves and experimental  data of capillary p res su re  
head a s  a function of nonwetting phase relative permeability. 
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PC crn 

Figure 6. Predicted wetting phase relat ive a s  a function of 
capillary p res su re  head compared with experimentai data. 
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F i g u r e  7. T h e o r e t i c a l  c u r v e s  and e x p e r i m e n t a l  data  of nonwetting phase re la t ive  permeabi l i ty  as a function 
of s a t u r a t i o n  f o r  unconsol idated porous  mate r ia l s .  
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Berea Sandstone 

F i g u r e  8. T h e o r e t i c a l  c u r v e s  and e x p e r i m e n t a l  d a t a  f o r  r e l a t i v e  
permeabi l i t i es  of t h e  nonwetting (nw) and wetting (w) p h a s e s  
a s  a function of s a t u r a t i o n  f o r  two consol idated sandstones.  
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the a i r  pe rmeamete r  even when the  porosity of the  
medium was the  same.  If the  r e v e r s e  had been t rue ,  
the resul t  could have been attributed t o  g a s  slippage. 
But the higher value of Kw can only be at tr ibuted 
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t o  a l e s s e r  res is tance  along the boundary in t he  r ig id  
column a s  compared to  t he  ce l l  with the pressur ized  
sleeve. 

isotropy and t o  el iminate boundary ef fec ts  entirely . 
in  the a i r  permeabil i ty cell. 

It i s  pract ical ly cer ta in  that  boundary condi- 
tions did affect the measurement  of Kw ln the  

column pe rmeamete r s  used for  unconsolidated media. 
T h ~ s  i s  evident because the  value of Kw was often 

higher than the  maximum values of Knw measured  in 

An unrealist ical ly high value of Kw should 

- bubbling p re s su re .  Th i s  is undoubtedly a result  of 
anisotropy since f iner-textured l aye r s  block the 
of air. 

Evidently, the Krw curves  a r e  much l e s s  

sens i t l rep to  this kind of anisotropy because the K~ , , ,  

curve  is in  reasonably close agreement with the 
predicted curve. 

not affect the  measured  values of r) but would affect 
the absolute values of Krw . 

In the  ca se  of the consolidated sandstones, i t  
was possible t o  check equations ( 1  3), (14), ( I S ) ,  and 
(16) on exactly the s ame  medium because in  th is  ca se  
t he re  was no chance of a change in P,/y = f (S) fo r  - 
the two experiments.  The resul t s  a r e  shown in  f igure 
8. The measurements ,  in the c a s e  of the Hygiene 
Sandstone, a r e  in  nearly perfect agreement  with the  
theory fo r  both the  nonwetting and wetting relat ive 
permeabil i ty curves.  

F o r  B e r e a  Sandstone, however, the values of 
Krnw a r e  much sma l l e r  than predicted. They a re ,  

- - 

in  fact, z e ro  a t  va lues  of S corresponding t o  cap- 
i l lary p r e s s u r e s  much l a r g e r  than the  predicted 

It will be noted f rom figure 2 that mater ia l s  
with secondary porosi ty have sma l l e r  values of A 
(and thus sma l l e r  values of r) ) than mater ia ls  with- 
out secondary porosity. This  can be seen  most  d is -  
tinctly by the  contrast  in the slope of the curve f o r  
volcanic sand and that  fo r  g lass  beads shown in f igure 
2. The prac t ica l  significance of th is  phenomenon is 
discussed i n  the sect ion t o  follow. 

The  authors have made measurements  of K rw 

as a function of PC /y for  one sample  of fragmented 

clay ( s ee  Table #2--Fragmented Lamberg  Clay, Appen- 
dix 111) which has  a value of r) of 3.6, indicating a 
value of .A of 0. 53. They have a l so  computed values 
of r) f r om capil lary p re s su re  ve r sus  saturat ion 
curves  which were  only slightly g r e a t e r  than 2.0, the  
theore t ica l  lower limit. * The lowest predicted 
values of r) were  obtained on samples  of very fine- 
grained consolidated rocks  containing much clay but 
having some  l a r g e r  po re s  because of c r acks  and vugu- 
l a r  spaces.  

* Unpublished private repor t :   v valuation of Cap- 
i l l a ry -P res su re  Field Data" by A. T. Corey. 
Petroleum Research  Corp. , Denver, Colorado. 



SIMILITUDE REQUIREMENTS 

Miller and Miller [ 131 have described the r e -  
quirements fo r  similitude of'isotropic porous systems 
containing two immiscible fluid phases (a i r  and water) 
in which the a i r  pressure  is considered to  be constant 
but both a i r  and water a r e  continuous phases. In this 
case,  flow of only the liquid phase i s  considered. 

The same assumptions made by Miller and 
Miller a r e  accepted in  the following analysis. This 
analysis is in many respects the same as thei rs  but 
i t  is restricted to  the drainage cycle in order  to avoid 
the complication of hysteresis. In addition, the 
theoretical functional relationships among PC , Se , 

Krw and Krnw a r e  used t o  simplify the resulting 

expressions for  the cr i ter ia  of similitude. 

An equation describing the flow and macro-  
scopic distribution of the llquid is derived by combin- 
ing Darcyts  law with the equation of continuity appli- 
cable to flow in porous media. The continuity equa- 
tion is 

ase div q =  -r$e  - at 

where 6, is the "effective porosity". The effective 

porosity is s imilar  if not identical to the "drainable 
porosity'1 commonly employed by drainage engineers 
and is used he re  i n  o rde r  to be consistent with the use 
of the effective saturation Se . The effective por- 

osity, be , is related to r$ by the relation: 

The result  of combining Darcyts  law with equation (18) 
is 

. L J 
which is essentially the equation f i rs t  derived by L. 
A. Richards [ 1 7 1 .  

Equation (20) is next written in a dimension- 
l e s s  form by scaling the variables appearing in the 
equation. The variables can be scaled by choosing 
standard units of permeability, length, pressure  and 
t ime which a r e  known to be significant characterist ics 
of the system. The standard units a r e  designated a s  
KO , Lo , Po , and to respectively. The stan- 

dard unit KO is simply the fully saturated (maxi- 

mum) permeability K of the medium under consid- 
eration. Using the standard units a s  scaling factors, 
equation ( 20) becomes 

where the dots after the divergence and gradient 
operator symbols indicate that the operations a r e  pe r -  
formed with respect to scaled coordinate lengths. 

units Po , Lo , and to  . An obvious choice for 

Po is the bubbling p ressure  Pb . If Pb is chosen 

a s  the standard unit of pressure ,  it i s  necessary to 
use P /y a s  the standard unit of length. Similarly, 

b 
the appropriate standard unit of time i s  $e Pbp  / ~ y '  . 
Scaled variables of pressure ,  length, and t ime a r e  
obtained by dividing the unscaled variables by thei r  
respective standard units. 

Substituting the standard units into equation (21) 
gives 

ase 
Div. [ K r  v. (P. + Z.)] = 

where the dots designate scaled variables o r  opera- 
t o r s  with respect to scaled variables. 

Equation ( 22) will yield identical particular 
solutions in t e r m s  of scaled variables provided that: 

1. Geometric similitude exists. 

2. The boundary and initial conditions in t e r m s  
of scaled variables a r e  identical. 

3. The functional relationships among Kr , 

Se , and P C  I Pb a r e  identical for  both 

systems. 

The macroscopic boundary conditions can be identical 
only if corresponding lengths which a r e  characterist ic 
of the macroscopic size of the system a r e  identical 
multiples of the length PbJy . If two systems a r e  
geometrically s imi lar  in a macroscopic sense, i t  is 
necessary to choose only one characterist ic length "L" 
and the s ize  requirement is satisfled if the ratio 
P /y L is identical for  any two systems under con- b 
sideration. 

F rom the theory and experimental verification 
presented in the preceding sections, it is evident that 
the las t  requirement is satisfied if the pore-size dis-  
tribution indexes . A  a r e  identical. It will be noted 
that X is a function of the microscopic geometry of 
the porous media. Use of X as a cri terion of simil-  
itude eliminates the need for esplicit consideration of 
other microscopic geometric variables such a s  were 
suggested by Miller and Miller [ 131. Furthermore,  
Pb is a function not only of the size of the pores but 

also of the interfacial forces,  contact angle, shape, 
etc. Use of P,/y a s  a unit of length eliminates the 

U 

necessity of explicit consideration of the similitude 
with respect to these variables. 

The foregoing analysis indicates that a 
valid mode! involving flow of liquid in a partially 
saturated porous medium requires the following: 

1. The medium must have the same pore-size 
distribution index, X . 

2. The macroscopic boundaries of the model 

I must have a shape and orientation s imi lar  
Equation (21) can be simplified by choosing 

appropriate system parameters  as the standard to  the prototype. 
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3. The s i ze  of the model mus t  be such that  

,y L IPb  is the  s a m e  a s  f o r  the  prototype. 

4. The  initial-cbiiditionsSin t e r m s  of sca led  t i m e ,  
i. e., t K y Z / p b  p 6, must  be the  s ame  f o r  

model  a s  f o r  the  prototype. 

t e r m s  of S and 4 , however, the pa rame te r  Sr 
becomes an  e x ~ l i c i t  r a the r  than a n  implicit factor  in 
similitude.  he curves  of Kr and - Krnw a s  a 

function of S a s  well a s  4 f o r  the  model would 
have t o  be identical t o  those fo r  the prototype. Use 
of the variables Se and 4, reduce the difficulty 

of meeting the similitude requirements.  It i s  e a s i e r  
If the prototype state to  find media having s imi l a r  functional relationships 

the las t  of t he se  requi rements  can be eliminated. If between relative permeability and Se than between 
the saturat ion in  any pa r t  of a sys tem inc reases  a s  
well a s  dec reases  with t ime,  i t  i s  possible that ad&- relat ive permeabil i ty and S because S_ i s  e l im-  
tional requi rements  may enter .  1t- is  possible, also,  
that if the sys tem contains a discontinuous gas  phase, 
the requi rements  l is ted may not be  sufficient f o r  
similitude, especial ly if a region of increasing liquid 
saturat ion exists. 

The re  is a possibility, however, that even 
when hys teres is  is a factor ,  A may be sufficient t o  
describe the pertinent microscopic  geometric p rope r -  
ties. This  possibility i s  discussed in the sect ion 
dealing with hys teres is .  

One difficult aspec t  of creat ing a valid model 
is finding a porous medium having the  appropriate 
value of X and a t  the s ame  t ime  having a sufficient- 
ly sma l l  value of Pb /y  such tha i  the model can be 

of a prac t ica l  s ize.  It is easy  to  find coa r se  sands  o r  
gravels  having a smal l .va lue  of P h / y  but a s  indi- 

- 

cated ea r l i e r  and a s  discussed by Rahman [ 151, these 
will have a nar row range of pore  s i z e s  ( la rge  X ) 
r ega rd l e s s  of the range of gra in  s i z e s  used. Unfor- 
tunately, most  prototype media of engineering 
in teres t  have sma l l e r  values of X . One possibility 
of overcoming th is  difficulty would be the u se  of 
s table aggregates such a s  crushed sandstone o r  nat- 
ural ly occurr ing  volcanic soil. 

As can be s een  f rom the  values of X tabu- 
lated in  Appendix 111 (Table 2), t he se  ma te r i a l s  have 
pore-size distribution indexes in the s a m e  range a s  
so i l  with s t ruc ture .  They can have, moreover ,  values 
of Pb a s  sma l l  a s  desired.  

It should be noted that equation (20)  could have 
been written in  t e r m s  of S and 4 , r a the r  than 
Se and . If the var iables  a re  expressed  in 

I 

inated a s  a fac tor  affecting the shape of the curves. 
Express ing  the  liquid content of the media a s  a pe r -  
centage of dry  weight o r  a percentage of bulk volume 
makes  the requirements even more  difficult t o  satisfy 
than the use of S . 

A model designed in accordance with the 
theory presented he re  must  be  res t r ic ted  in  its appli- 
cation to sys t ems  that  do not reach  saturat ions l e s s  
than Sr because the  theory is applicable only t o  

sa tura t ions  g rea t e r  than Sr 

If the problem under investigation is not 
explicitly concerned with the conditions in the part ial-  
ly saturated zone, the pertinent charac ter i s t ics  of the 
behavior of the  sys tem may not be extremely sensi t ive 
t o  X . This  might be  t rue ,  fo r  example, if the pa r -  
tially sa tura ted  zone is very  narrow compared to  the 
fully saturated zone. In the l a t t e r  case ,  i t  might be 
possible t o  ignore X in choosing a medium for  a 
model, but i t  would s t i l l  be necessary  to consider 
Pb ly L. 

When conditions in the partially saturated zone 
a r e  of explicit concern, i t  i s  not possible t o  ignore A. 
In the la t te r  case,  g lass  beads o r  clean sands a r e  not 
suitable ma te r i a l s  fo r  modeling sys t ems  involving 
flow in  so i l s  with structure.  This  i s  c l ea r  from the  
r e su l t s  shown in the preceding section. 

F o r  a fur ther  discussion of the pract ical  s igni-  
cance of t he  pa rame te r s  Pb /y  and X , specifical- 

ly in the f ield of drainage engineering, the reader  is 
r e f e r r e d  to  a paper by the authors [ 21 dealing with 
th is  subject. 

Information Only 



SIGNIFICANCE OF HYSTERESIS 

T h e  preced ing  d i scuss ion  h a s  deal t  a l m o s t  en-  
t i r e l y  with s y s t e m s  in which it  is a s s u m e d  that  t h e  
sa tura t ion  of t h e  medium e i t h e r  r e m a i n s  constant o r  
d e c r e a s e s  with t ime .  Sys tems  involving a n  increas ing  
liquid sa tura t ion  a r e  of equa l  engineering importance.  
Unfortunately, the  functional re la t ionsh ips  among 

PC , S , Krw , and Krnw a r e  usual ly not the  

s a m e  on a cycle  of increas ing  S a s  on a cycle  of 
d e c r e a s i n g  S . T h e  r e a s o n  f o r  t h i s  h a s  been d i s -  
cussed  by Mi l le r  and M i l l e r  [ 131. 

A quest ion that  n e e d s  t o  be answered  is whe- 
t h e r  t h e  c r i t e r i a  of s imil i tude suggested i n  t h e  p r e -  
ceding sec t ion  a r e  sufficient when h y s t e r e s i s  m a y  be  
involved. In o r d e r  to  gain s o m e  insight into th i s  p r o -  
b l e m ,  t h e  a u t h o r s  m a d e  a n  investigation of I<rw a s  
a function of PC on the  imbibition a s  well a s  t h e  

d ra inage  cycle. One of t h e  coau thor ' s  s tudents ,  
L a r r y  G. King, h a s  made  many m e a s u r e m e n t s  of Krw 

as a function of PC on t h e  imbibition cycle  f o r  h i s  - 
doc tora te  t h e s i s  [ 101 which is concerned with imbibi-  
tion. An example  of h i s  data  is presen ted  i n  f igure  9. 

A detai led descr ip t ion  of how t h e s e  data  were  
obtained is given i n  t h e  t h e s l s  by King. Briefly, a 
s o i l  column s i m i l a r  t o  t h o s e  used  by the  au thors  was  
ini t ia l ly  packed with d r y  so i l .  Relat ive liquid p e r m e -  
ab i l i t i es  as a function of cap i l l a ry  p r e s s u r e  f i r s t  w e r e  
obtained on t h e  imbibi t ion cycle  unt i l  the sa tura t ion  
apparen t ly  r e a c h e d  a maximum. T h e  m e a s u r e m e n t s  
w e r e  then obtained a s  the  column w a s  drained. Af te r -  
wards ,  t h e  column w a s  vacuum -sa tura ted  and m e a s -  
u r e m e n t s  w e r e  m a d e  a s  t h e  c o l u m n  was  drained f r o m  
t h e  completely s a t u r a t e d  s ta te .  In o t h e r  exper iments ,  
Klng f i r s t  vacuum s a t u r a t e d  the  column and a f t e r  
making m e a s u r e m e n t s  on t h e  dralnage cycle  r e s a t u -  
r a t e d  t h e  column by imbibition. 

T h e r e  a r e  s e v e r a l  noteworthy observa t ions  
that  can be  made  f r o m  King's  data, i. e . ,  

1. T h e  s lope  of t h e  c u r v e s  of Krw as a func- 

t ion of PC a r e  p rac t ica l ly  t h e  s a m e  f o r  both 

t h e  dra inage  and imbibi t ion cycle. 

2. When a medium is r e s a t u r a t e d  o r  d ra ined  
f r o m  a s t a t e  which is ne i ther  completely d r y  
n o r  fully s a t u r a t e d  with liquid, t h e  c u r v e s  do 
not follow a n  i n t e r m e d i a t e  path between t h e  
dra inage  o r  imbibi t ion curves .  Ins tead  (a f te r  
a s h o r t  t rans i t ion)  t h e  c u r v e s  j u m p  f r o m  one  t o  
the  o t h e r  of t h e  two poss ib le  paths. 

3. T h e  va lues  of Kew on  the imbibi t ion cycle  

t end  t o  approach  a maximum of about  0.45 - 
0. 50 of that  obtained when the  medium is 
vacuum sa tura ted .  At t h i s  s t a t e ,  the  nonwet- 
t ing phase is a i r ,  and  it  is apparen t ly  a b l e  t o  
diffuse away with t ime .  The  a u t h o r s  have  ob-  
s e r v e d  a s low i n c r e a s e  i n  I<ew with t i m e  a t  

a constant  va lue  of PC , t h e  r a t e  of i n c r e a s e  

being m o r e  r a p i d  f o r  f ine m a t e r i a l  t h a n  f o r  
sands .  In t i m e ,  t h e  media  b e c o m e  ful l  s a t u -  
r a t e d  with liquid by imbibition. 

4. At va lues  of PC > Pb , the  p e r m e a b i l i t i e s  

on t h e  dra inage  c y c l e  a r e  a min imum of one 
o r d e r  of magnitude g r e a t e r  than on the  imbibi-  
t ion cycle. 

F r o m  the  foregoing observa t ions  i t  would 
s e e m  that  a possibi l i ty  d o e s  e x i s t  tha t  t h e  c r i t e r i a  
of s imi l i tude  p r e s e n t e d  i n  t h e  p reced ing  sec t ion  wil l  
s o m e t i m e s  b e  adequate f o r  s y s t e m s  involving h y s t e r -  
e s i s .  At l e a s t ,  t h i s  m a y  b e  t r u e  f o r  s y s t e m s  not i n -  
volving a discont inuous g a s e o u s  phase. T h e  p o s s i -  
biiity wil l  b e  g rea t ly  enhanced i f  it c a n  b e  shown tha t  
a definite re la t ionsh ip  e x i s t s  among X , Pb , and 

t h e  r a t i o  of t h e  permeabi l i ty  on the  dra inage  cycle  t o  
that  on t h e  imbibition cyc le  at  p a r t i c u l a r  va lues  o f ,  

PC . Such a relat ionship,  however ,  r e m a i n s  t o  b e  

demons t ra ted .  
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Figure 9. Wetting phase relative permeability a s  a function of capillary pressure  
on the imbibition and drainage cycles. 
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v p::~ = CIV zx t h e  c r o s s - s e c t i o n a l  a r e a  g i v e s  t h e  equat ion of - Poiseu i l l e  f o r  t h e  m e a n  velocity, i. e . ,  

I "  

- .  T h e  T h e o r e t i c a l  B a s i s  f o r  t h e  Burd ine  Equat ions 
-.I+ -, 

The  t h e o r y  presen ted  below is a var ia t ion  of 
theory  published i n  petroleum engineering l i t e r a t u r e  
[ 3,  5, 19, 201 *. It  is r e a l i z e d  t h a t  m o s t  i r r i g a t i o n  
and drainage e n g i n e e r s  do not have e a s y  a c c e s s  t o  
t h i s  l i t e ra ture .  T h i s  synops i s  is included h e r e ,  t h e r e -  
f o r e ,  f o r  the  convenience of the  r e a d e r s .  

The  assumpt ion  is m a d e  that fluld c o m p r e s s i -  
bility and i n e r t i a  a r e  not significant f a c t o r s  affecting 
the  flow s o  tha t  t h e  equation of Navier-Stolces r e d u c e s  
t o  a s t a t e m e n t  t h a t  the  gradient  of p iezomet r lc  p r e s -  
s u r e  P* is balanced by the  v i scous  drag.  F o r  a 
Newtonian v i scous  fluid, t h i s  relat ionship is given by 

Flow through  a s m a l l  d i a m e t e r  tube is con-  
sidered first. For this geometry it is more conven- where  d is t h e  th ickness  of t h e  f i lm.  S imi la r ly ,  

ient  t o  e x p r e s s  t h e  quantity v Z x  in cy l indr ica l  coord i -  
. . - b2 dinates ,  i. e.. , = - P O P *  

1 2l-4 (9) 

-.. 
After  separa t ing  the  v a r i a b l e s ,  in tegra t ing  and uslng 

the condition that $ is finite (which implies the 
d r  

veloci ty of t h e  fluid a p p r o a c h e s  t h e  veloci ty of t h e  
boundary a t  t h e  boundary) then 

VP'S u = -  4p ( r t 2  - r2) 

w h e r e  r is t h e  r a d i u s  of t h e  tube. t 

Integrat ing t h e  d i s c h a r g e  o v e r  t h e  e n t ~ r e  c r o s s  
sec t iona l  a r e a  of a tube of r a d i u s  rt and dividing by 

where  _V is t h e  to ta l  velocity vector .  Equation (1) can 
be solved f o r  p a r t i c u l a r  boundary conditions, e.  g . ,  
1 -dimensional  flow through s t ra igh t  tubes ,  flow b e -  
tween i n f ~ n i t e  f l a t  p a r a l l e l  p la tes ,  and f i lm flow o v e r  
a n  infinite f l a t  plate. The solut ion of equation (1) f o r  
each  of t h e s e  p a r t i c u l a r  boundary conditions will be 
p resen ted  t o  show how t h e  solut ions v a r y  with t h e  
shape  of t h e  boundary. 

. 
wvhere r is m e a s u r e d  f r o m  the  cen te r l ine  of t h e  tube 
toward  t h e  boundary. If t h e  flow is steady,  t h e r e  is 
no var ia t ion  i n  _V along t h e  tube i n  the  d i rec t ion  x. T h e  
l a s t  t e r m  on t h e  r igh t  of equation ( 2 )  i s ,  t h e r e f o r e ,  
ze ro .  Because  of s y m m e t r y ,  t h e  t e r m  involving 2 i s  a l s o  z e r o  s o  that ' f inal ly  

- r Z  ,, = - t vp:: 
8~ 

Solving equat ion (1) f o r  1 -d imens iona l  flow i n  
a in a Over a plate gives 

- u = - - d2 vp:: 
3l-4 

where  u is the  component of velocity along the  tube. 
Because t h e  f low is l a m i n a r ,  t h e r e  is no component of 
\I perpendicu la r  t o  x . 

Since t h e r e  is no flow perpendicu la r  t o  t h e  
boundary, vP':' l ikewise h a s  no component perpendic -  
u l a r  t o  the  boundary. T h i s  i m p l i e s  tha t  t h e  equipo- 
t en l ia l  l ines  a r e  p lanes  perpendicu la r  t o  t h e  a x i s  of 
the  tube. The  grad ien t  of P* , t h e r e f o r e ,  does  not 
depend on r and  can  be t r e a t e d  as a constant.  The  
var iab les ,  u and r , a r e  s e p a r a b l e  and  a f t e r  
in tegra t ing  once ,  t h e  re la t ionsh ip  

is obtained. In o r d e r  f o r  equat ion (4) t o  b e  val id a t  t h e  
cen te r l ine  w h e r e  r = 0, t h e  value of C is z e r o  s i n c e  * cannot b e  infinitely l a rge .  T h e r e f o r e ,  
d r  

* R e f e r e n c e s  a r e  given a t  t h e  end of the  body of t h e  
publication. 

f o r  1 -d imens iona l  flow between p a r a l l e l  f l a t  p la tes  
w h e r e  b is t h e  spac ing  of the p la tes .  

It  wi l l  b e  noted tha t  eqyat ions (7), (8),  and (9) 
a r e  of a s i m i l a r  f o r m  in that  u is propor t iona l  t o  
v P"', and t o  t h e  s q u a r e  of a length d imens ion  c h a r a c -  
t e r i z i n g  t h e  s i z e  of t h e  flow sect ion.  T h e  volume flux 
is I n v e r s e l y  propor t iona l  t o  v i scos i ty  and a n u m e r i c a l  
constant.  

By induction, then,  a n  analagous equat ion 
applying t o  s t ra igh t  t u b e s  of uniform c r o s s  Section of 
any  s h a p e  is 

w h e r e  R is a length c h a r a c t e r i z i n g  t h e  s i z e  of t h e  
tube ,  and  k is a n u m e r i c a l  constant  depending on 
t h e  shape  of t h e  c r o s s  sec t ion  and t h e  dimension cho-  
s e n  t o  c h a r a c t e r i z e  t h e  s i z e .  

In  applying equat ion (10) t o  t u b e s  of i r r e g u l a r  
shape ,  t h e  question a r i s e s  a s  t o  what length dimension 
should b e  u s e d  t o  c h a r a c t e r i z e  t h e  s i z e  of t h e  tubes.  
One poss ib i l i ty  is t h e  hydrau l ic  r a d i u s ,  R . It  is 
defined as t h e  c r o s s - s e c t i o n a l  a r e a  divided by the 
wetted p e r i m e t e r .  

If equat ions ( 7 ) ,  (8),  and (9) a r e  r e w r i t t e n  i n  
t e r m s  of R , only t h e  n u m e r i c a l  constant  is changed. 
P o i s e u i l l e  's equation b e c o m e s  

and  equat ions (8) and (9) become 

Informat?~n Only 



The  var ia t ion  i n  the  constant  k is evidently, g r e a t l y  
reduced. 

- -.  - ....*.-. .-- - 
I t  is r e a s o n a b l e  to  suppose  that  ( f rom a hydro-  

dynamic viewpoint) flow i n  a th in  f i lm is about as 
different f r o m  flow i n  a c i r c u l a r  tube as it  is poss ib le  
t o  obtain. One  might  conclude, t h e r e f o r e ,  that  t h e  
shape  f a c t o r  f o r  i r r e g u l a r  c r o s s  s e c t i o n s  (e. g. t h e  
p o r e  s p a c e  i n  a p o r o u s  sol id)  should b e  s o m e w h e r e  
between 2 and 3. T h i s  conclusion would not be  val id,  
however ,  if t h e  c r o s s  sec t ion  h a s  a n  e x t r e m e  "eccen-  
t r ic i ty" .  Cons ider ,  f o r  example ,  a c r o s s  sec t ion  as 
shown i n  F i g u r e  1. Note tha t  t h e  p e r i m e t e r  of t h e  

F i g u r e  i. An Example  of a Tube  Cross -Sec t ion  
with E x t r e m e  Eccent r ic i ty .  

long extension of t h e  c r o s s  sec t ion  is g r e a t  but t h e  a r e a  
is s m a l l  and t h e  contr ibut ion t o  flow of t h i s  p a r t  of the  
a r e a  is, re la t ive ly ,  even  s m a l l e r .  

T h e  difficulty is that  the  dis t r ibut ion of veloci ty 
i n  one p a r t  of t h e  c r o s s  s e c t i o n  is l ike that  i n  a r e l a -  
t ively l a r g e  tube  w h e r e a s  i n  the  extension,  i t  is l ike  
tha t  between c lose ly  spaced  plates .  T h e  l a r g e  p a r t  of 
t h e  e c c e n t r i c  c r o s s  sec t ion ,  t h e r e f o r e ,  would a c t  a s  a 
tube with k = 2 w h e r e a s  t h e  extension would a c t  as a 
tube with k = 3. The  l a r g e r  par t ,  however ,  h a s  a 
much  l a r g e r  hydrau l ic  r a d i u s  than  t h e  extension. Note 
that  i n  equat ion ( l o ) ,  R is s q u a r e d  and  k is t o  the  
f i r s t  power. One  cannot, t h e r e f o r e ,  u s e  R f o r  t h e  
e n t i r e  c r o s s  s e c t i o n  and a n  a v e r a g e  of k t o  obtain 
a valid e s t i m a t e  of Ii . 

It is m u c h  m o r e  reason3ble  t o  r e g a r d  t h e  
e c c e n t r i c  c r o s s  sec t ion  shown i n  f igure  i as two s e p -  
a r a t e  c r o s s  sec t ions .  The  e r r o r  resu l t ing  f r o m  
applying a n  a v e r a g e  k of about 2 .5  f o r  e a c h  c r o s s -  
sec t ion  wil l  not b e  g r e a t ,  but  i t  is n e c e s s a r y  t o  u s e  
s e p a r a t e  va lues  of R . An a l te rna t ive  method (which 
wil l  give exac t ly  t h e  s a m e  r e s u l t )  is t o  c o n s i d e r  t h e  
e n t i r e  c r o s s  sec t ion  as a whole, using a n  a v e r a g e  k 
and a m e a n  va lue  of RZ , designated a s  R~ . 

T h e  t u b e s  cons idered  i n  developing equat ion 
(10) w e r e  s t ra igh t .  T h e r e  is no difficulty i n  extending 
t h e  a n a l y s i s  t o  o t h e r  than  s t r a i g h t  t u b e s  ~ r o v i d e d  t h a t  
t h e  a c t u i l  length of t h e  t u b e s  c a n  b e  m e a s u r e d  and t h e  
d i rec t ion  tha t  any fluid e l e m e n t  is moving a t  any p a r -  
t i c u l a r  locat ion is known. T h e r e  is a n  e r r o r  i n  s u c h  
a n  a n a l y s i s  if t h e  n o r m a l  a c c e l e r a t i o n  resu l t ing  f r o m  
flow around  bends  is d i s regarded .  T h i s  e r r o r  is 
s m a l l ,  however ,  i f  the  tangent ial  veloci ty is v e r y  
smal l .  

If i t  is d e s i r e d  t o  d e t e r m i n e  u a s  a function af 
t h e  potent ial  d i f fe rence  between t h e  e n d s  of a to r tuous  
tube and t h e  d i r e c t  d i s tance  between t h e  two ends ,  the  
to r tuos i ty  wi l l  have  two effects .  T h e  f i r s t  effect  is 
with r e s p e c t  t o  ii . If t h e  d i rec t ion  between the  two 
e n d s  of t h e  tube is defined as t h e  x direct ion,  then  ii 
v a r i e s  f r o m  point t o  point b e c a u s e  the  d i rec t ion  of t h e  
a x i s  of the  tube v a r i e s ,  i. e . ,  t h e  component of velocity 
i n  the  x d i rec t ion  v a r i e s  even  though t h e  magnitude of 
t h e  veloci ty r e m a i n s  constant.  If 111 is t h e  magni -  
tude of t h e  a v e r a g e  tangent ial  v e l o c ~ t y ,  t h e  m e a n  value 

of t h e  x component is given by 

where  L is the  d i r e c t  d i s tance  between t h e  e n d s  of 
t h e  tube and Le is t h e  length of the  to r tuous  tube. - - 
T h e  quantity Ivl i n  equation (13) is analagous t o  u 
i n  equat ion ( I O ~  

T h e  second effect of the tor tuosi ty  of the tube 
is with r e s p e c t  t o  VP  '::. If i t  is d e s i r e d  t o  e x p r e s s  

v ps 
the  dr iv ing  f o r c e  a s  - , i t  mus t  b e  noted that  

where  lo-] is t h e  abso lu te  value of the  mean  g r a -  
dient of P"' . An equation relat ing ii t o  
op:" - i n  a to r tuous  tube (analagous t o  equation 10) 

is, t h e r e f o r e ,  given by 

L I 
where  t h e  quantity ($) h a s  been ca l led  to r tuos i ty  

and designated by t h e  s y m b o l  T . 
It  is evident that  f o r  porous  s o l i d s  of a given 

poros i ty  t h e  g r e a t e r  the eccen t r ic i ty  of the  pore  space, 
t h e  l a r g e r  will be $ . T h i s  is equivalent t o  say ing  
that  3 will  be g r e a t e r  f o r  porous  so l ids ,  having 
secondary  porosi ty  a s  well a s  p r i m a r y  porosi ty ,  
o t h e r  th ings  being equal.  T h i s  can b e  visual ized m o s t  
e a s i l y  by considering a porous  sol id containing a n  
abundance of clay. If somehow a l l  of t h e  sol id m a t t e r  
could be concent ra ted  into one sol id port ion of t h e  
c r o s s  sec t ion  and t h e  remain ing  sec t ion  was  f r e e  t o  
conduct f luids ,  the  value of K ivould obviously be  
much  g r e a t e r  than if the  clay p a r t i c l e s  w e r e  evenly 
d i s t r ibu ted  o v e r  t h e  c r o s s  sect ion.  

- 
F u t h e r m o r e ,  the value of R' f o r  t h e  non- 

wetting phase ,  on the  o t h e r  hand will  i n c r e a s e  as the  
s a t u r a t i o n  i n c r e a s e s .  The  relat ionship between 
R' f o r  t h e  wetting phase  and S can  b e  deduced 
f r o m  a c u r v e  of S a s  a function of PC ; e. g. a s  

shown i n  f igure  i of the  text .  

T h e  pr inc ip le  is based  on t h e  assumpt ion  that  
a connected c r o s s  sec t ion  of a n  i r r e g u l a r - s h a p e d  tube 
can  b e  r e g a r d e d  a s  composed  of a l a r g e  number  of 
sub-sec t ions  each  having a d i s c r e t e  R . T h e  va lues  
of R Z  o f e a c h  sub-sect ion a r e  s u m m e d  and t h e  m e a n  
va lue  of R Z  is obtained. The  e n t i r e  p o r e  s p a c e  f i l led 
with the  wetting phase  is t h e n  r e g a r d e d  a s  a s ing le  
tube of i r r e g u l a r  s h a p e  (but uniform c r o s s - s e c t i o n a l  
a r e a )  having a n  a v e r a g e  shape  f a c t o r  k and m e a n  
value of hydrau l ic  r a d i u s  . 

Another  key assumpt ion  of t h i s  t h e o r y  is that  
t o  a c lose  approximation,  

PcdA = od(wp) c o s  9 (16) 

where  PC is t h e  cap i l l a ry  p r e s s u r e  a t  a p a r t i c u l a r  
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sa tura t ion  S , dA is t h e  a r e a  of the  port ion of t h e  
c r o s s  sec t ion  of the  p o r e  s p a c e  that  would desa tura te  
if S undergoes  a change dS a t  the  capi l lary p r e s s u r e  

d (wpi  is t h e  cor responding  change i n p e r i m e t e r  

of the  desa tura ted  a r e a  a t  t h e  soi l -wett ing phase i n t e r -  

S > Sc , t h e  nonwetting p h a s e  is discontinuous. 

C o r e y  [ 51 found f o r  i s o t r o p i c  m e d i a  tha t  rep lac ing  Sc 

by 1. 0 did not m a t e r i a l l y  change the  calculated p e r -  
meabi l i t i es  f o r  s a t u r a t i o n s  l e s s  than Sc . 

face ,  and t3 is t h e  angle of contact of the wetting phase 
' T h e  volume flux, q , in  a porous  medium of a t  t h e  sol id in te r face .  It  1s f u r t h e r  a s s u m e d  that  9 having a porosity is related to the  in and u r e m a i n  constant  o v e r  the range  of sa tura t ions  

the pores by = . Thus equation becomes considered.  

T h e  hydrau l ic  rad ius  of the a r e a  dA i s ,  t h e r e -  
f o r e ,  given by 

d A u c o s  0 
R=d(wp)- = - 

T h e  m e a n  value of R 2  f o r  t h e  wetting phase at  the  - 
s a t u r a t i o n  S (des igna ted  a s  R w Z )  is given by 

s i m i l a r l y ,  f o r  t h e  non-wetting phase,  

Although t h e  i n t e g r a l  i n  equation (18) IS o v e r  
t h e  in te rva l  of S f r o m  0 t o  S , f o r  p rac t ica l  p u r -  
p o s e s  it could of ten jus t  a s  well  be taken o v e r  the  in -  

t e r v a l  f r o m  Sr t o  S . The  value of the in tegra l  

f r o m  0 t o  S, is v e r y  s m a l l  because PC i s  v e r y  

l a r g e  o v e r  t h i s  region.  

According t o  C a r m a n  [ 41, the  tor tuosi ty  of 
fully s a t u r a t e d  porous  so l ids  which a r e  i so t rop ic  and 
g r a n u l a r  i n  n a t u r e  is about 2. O t h e r  kinds of porous  
m e d i a  may have o t h e r  va lues  of tor tuosi ty .  If, f o r  
example,  t h e  medium is composed of clay p a r t i c l e s  
o r ien ted  perpendicu la r  t o  the  d i rec t ion  of flow, T 
wil l  be  m u c h  l a r g e r  than 2. If the clay is or ien ted  
p a r a l l e l  t o  t h e  flow, T will  b e  s m a l l e r  than  2. 

T h e  var ia t ion  of tor tuosi ty  with S was  studied 
exper imenta l ly  by Burdine [ 31 and l a t e r  analyt ical ly  
by M'yllie and G a r d n e r  [ 191. Burdine obtained a n  
e m p i r i c a l  e x p r e s s i o n  f o r  T (S) in t h e  f o r m  

where  t h e  s u b s c r i p t  w indicates  tha t  t h e  relat ionship 
app l ies  t o  t h e  wetting phase.  In o ther  words ,  t h e  

L quantity - v a r i e s  l inear ly  f r o m  z e r o  a t  S = Sr t o  
Le 

1. 0 a t  S = 1. 0 . T h i s  finding was  verif ied by 
C o r e y  [ 51 and w a s  l a t e r  der ived  by Wyllie and 
G a r d n e r  [ 191 us ing  a mathemat ica l  model  of porous  
s o l i d s  somewhat  d i f fe ren t  f r o m  the  model  employed 
here .  

T h e  cor responding  re la t ionsh ip  found by 
Burd ine  f o r  the  nonwetting phase  i s  

where  Sc is ca l led  the  "c r i t i ca l  saturat ion".  At 

Noting the  s i m i l a r i t y  between equat ion (22) and D a r c y ' s  
Law, i t  would s e e m  t h a t  

in which i t  is a s s u m e d  t h a t  4 and k a r e  independ- 

ent  of S . Assuming t h a t  (S) and  Tw(S) a r e  

a s  given by equat ions (18) and (20) respec t ive ly ,  t h e  
equation f o r  the  re la t ive  permeabi l i ty  of t h e  wetting 
phase is given by 

s i m i l a r l y ,  f o r  t h e  nonwetting phase ,  

Equat ions (24) and (25) a r e  known a s  Burd ine ' s  equa-  
t ions  f o r  re la t ive  permeabi l i ty .  

In B u r d i n e ' s  equat ions,  t h e  p a r a m e t e r s  cr2 , 
cos20 , k , and 6 cancel .  It  is poss ib le  t h e r e f o r e ,  
that  t h e  t h e o r y  with r e s p e c t  t o  re la t ive  permeabi l i ty  
is m o r e  p r e c i s e  than with r e s p e c t  t o  permeabi l i ty ,  . 
p e r  s e .  

It is cer ta in ly  t r u e  that  Burd ine ' s  t h e o r y  is of 
m o r e  p r a c t i c a l  u s e  in  de te rmin ing  t h e  dependence of 
re la t ive  permeabi l i ty  on s a t u r a t i o n t h a n  i t  is f o r  d e t e r -  
mining permeabi l i t i es .  T h e  p e r m e a b i l i t i e s  of porous  
m e d i a  when occupied fully by only o n e  fluid a r e  eas i ly  
m e a s u r e d  d i rec t ly .  T h e  d i r e c t  m e a s u r e m e n t  of r e l a -  
t ive permeabi l i ty  c u r v e s  is a much  m o r e  difficult and 
t ime-consuming  p r o c e s s .  

Burd ine ' s  equat ions,  however ,  a r e  appl icable  
only f o r  f a i r l y  i s o t r o p i c  m e d i a  a s  one would s u s p e c t  
f r o m  the  m a n n e r  of t h e i r  der ivat ion.  Anisotropy 
c a u s e s  m a r k e d  d e p a r t u r e s  f r o m  the  i s o t r o p i c  c a s e  a s  
h a s  been d e s c r i b e d  by C o r e y  and  Rath jens  [ 71. T h e  
effect of an i so t ropy  depends upon t h e  or ien ta t ion  of 
the  discont inui t ies  in  t ex ture .  Bedding p l a n e s  p e r -  
pendicular  t o  flow tend t o  d e c r e a s e  t h e  m a x i m u m  s a t -  
u ra t ion  S _  a t  which t h e  nonwetting p h a s e  will  flow, 

C 

and bedding p lanes  p a r a l l e l  t o  flow t e n d  t o  i n c r e a s e  

Sc . Such p lanes  a l s o  c a u s e  inf lect ion i n  both Knw 
and K c u r v e s .  

rnw 



APPENDIX I1 

Method of Dete rmin ing  R e s i d u a l  Sa tura t ion  

T o  d e t e r m i n e  t h e  p o r e - s i z e  dis t r ibut ion index,  
X , i t  is n e c e s s a r y  t o  plot log Se v e r s u s  log  PC 

which n e c e s s i t a t e s  de te rmin ing  the  r e s i d u a l  s a t u r a t i o n  

Sr . Since the  sa tura t ion .  S . is r e l a t e d  t o  Se by 

the  re la t ion  

S - Sr 
Se = - 

1 - Sr f o r  Sr < S 1.0 

i t  is n e c e s s a r y  t o  have m e a s u r e d  va lues  of S as a 
function of P /y t o  d e t e r m i n e  Sr . 

C 

An approximate  value of Sr is obtained by 

se lec t ing  a value of S a t  which t h e  c u r v e  of pc/y 

v e r s u s  S a p p e a r s  t o  approach  a v e r t i c a l  a s y m t o t e  a s  
shown in f igure  1. With t h i s  e s t i m a t e  of Sr , t en ta -  

t i v e  va lues  of log Se a r e  computed and plotted as a 

function of log pc/y . Usually, t h e  plot wil l  not be  

a s t ra igh t  l ine,  but an in te rmedia te  por t ion  of t h e  
computed values wil l  f a l l  on a s t r a i g h t  l ine as shown 
i n  f igure  2. . , 

F i n e  Sand 
(CE # 1 3) 

A s e c o n d  e s t i m a t e  of Sr is then  obtained 

s u c h  tha t  a va lue  of Se , i n  t h e  high cap i l l a ry  p r e s -  

s u r e  r a n g e  which d o e s  not l i e  on t h e  s t ra igh t  l ine,  
wil l  f a l l  on  t h e  s t r a i g h t  l ine  a s  shown in f igure  2. T h e  
second  e s t i m a t e  of ' Sr is usual ly adequate,  and a l l  

of t h e  po in t s  wi l l  l i e  suff icient ly c lose  t o  a s t r a i g h t  
l ine  when t h e  points  a r e  recomputed  us ing  t h e  new 
va lue  of Sr . If t h i s  is not t h e  c a s e ,  t h e  p r o c e s s  is 
r e p e a t e d  un t i l  a value of S- is obtained that  r e s u l t s  

1 

i n  a s t r a i g h t  l i n e  f o r  m o s t  va lues  of p c / ~  > Pb/y . 

At l a r g e  va lues  of Pr /y  where . the  curve  b e -  

c o m e s  a s y m t o t i c  t o  s o m e  value of S , S is v e r y  e 
s e n s i t i v e  t o  t h e  value of S chosen,  i. e. , a s m a l l  r 
change i n  Sr  m a k e s  t h e  change i n  Se look big on 

a log-log plot. T h e r e f o r e ,  va lues  of Se a t  t h i s  end 

of t h e  c u r v e  that  do not l i e  exact ly on t h e  s t r a i g h t  l ine 
should not b e  given m u c h  cons idera t ion  i n  se lec t ing  a 
va lue  of Sr  . 

Computed va lues  
of Se us ing  

+4 

F i n e  Sand 
(CE # 13) 

Sr = 0. 15 

\ 

2nd E s t i m a t e  of I 

Sr obtained by -: 
f i t t ing computed point \\ 7 
on s t r a i g h t  line. I 

0 . l  . 2  . 3  . 4  . 5  . 6  . 7  - 8  . 9  1.0 
Fig. 2 Effect ive sa tura t ion  a s  a function of' 

F ig .  1 Capil lary p r e s s u r e  head a s  a function of s a t u r a t i o n  cap i l l a ry  p r e s s u r e  head 
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TABLE 1- 

Data from Air Permeability Cell  

fo r  Unconsolidated Samples 

Volcanic Sand Fine Sand (G. E. #13) 

I Glass Beads 
("3M" # 130-5005) 

Touchet Silt Loam 11 (d. E. 1 3) 

Fragmented Fox Hill 
(1) Sandstone 

Information Only 
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TABLE 2 

Data from-Liquid Permeameter Columns 

ior Unconsolidated Samples 

Glass Beads Fragmented Mixture Fragmented Fox H111 (2) 
( "3M" $130-5505) (granulated clay + fragmented Sandstone 

sandstone + volcanic sand) 

6 = . 383  P / y  = 29 cm. 6 = . 441  P /y = 18.5 cm. b 
4 = 0.503 

b 
P /Y = 20.5 em. b 

K w =  10 .5p2  rj = 20 Kw = 15.0 p Z  rj = 10. 9 Kw = 16. 1 p 2  Q = 9. 3 

' c ' ~  Kew Krw s P c ' ~  Kew Krw s PC/? Kt,, Kru S 

( c m . )  (v2) ( c m . )  ( ~ 3  (ern.) ( ~ 3  

10.7 10.4 1.00 7. 6 15. 0 1.00 7. 85 16. 1 1 .0  
16.4 10.4 1.00 10. 2 14. 9 11.3 16.1 1 .0  0. 993 

24. 8 10. 6 1.00 12. 3 14. 75 0. 983 13.8 15.55 0. 967 

28.1 9.94 0. 945 16.  6 14. 2 0. 946 15.4 13.1 1 0.815 
29.0 8.08 0.770 18. 7 11.8 0. 786 

30. 0 4.80 0.457 22.4 1.56 0. 104 
30. 5 2. 67 0. 254 24. 3 0.721 0.048 
31. 2 1.485 0. 141 24. 2 0.672 0. 045 

32.8 0.523 0. 0498 27. 5 0. 189 0.0125 
32. 9 0. 363 0. 0346 34. 2 0.0191 0. 00127 0. 376 
37. 1 0. 0925 0.0088 
37. 2 0.057 0.0054 
38.6 0.042 0.0040 
42. 6 0. 0170 0.0016 
43.0 0.0104 0.0010 0.117 

K~ = I. 48 p 2  P , , I ~  = 43 cm. 



TABLE 3 

Data f r o m  Liquid P e r m e a m e t e r  f o r  

Consol idated Rock C o r e s  

B e r e a  Sandstone Hygiene Sandstone f r o m  
( C o r e  perpendicu la r  t o  bedding P i e r r e  fo rmat ion  

planes)  (No vis ible  bedding planes)  

4 = 0. 206 P / ~ = 4 2 . O  cm. 4 = 0. 250 P b i y  = 54.0 c m .  b 

Kw = 0.481 w 2  q = 11.1 Kw = 0. 178 p 2  q = 14. 1 

PC!? s K e  w Kr nw PC lr s Kew Krnw 

(cm.)  (P 2, ( em.  1 (wZ) 

11.5 1. 00  0.484 1.00 13.3 1.00 0. 178 1.00 
20.5 1 .00  0.48 1 1 .00  18 .4  1. 00 0. 178 1. 00 
31.9 0. 990 0.469 0.976 27. 4 1. 00 0. 177 1. 00 
35. 9 0. 985 0.458 0. 955 44. 9 0. 995 0. 175 0. 985 
43 .7  0. 926 0. 333 0.695 5 1 . 3  0.975 0 .161  0. 904 
48.0 0.778 0 .095  0. 197 54. 1 0. 960 0. 135 0. 814 
50. 2 0.706 0. 0475 0.0990 56. 6 0. 920 0. 0950 0. 530 
62.4 0.476 0. 00450 0.00930 59. 3 0 .865  0 .047  0. 265 
8 8 . 4  . 0. 345 62. 1 0.817 0.026 0. 144 

116.9 0 . 3 1 3  67. 7 0.756 0.0077 0. 043 
75. 1 0 .690 0.0020 O.Oii0 
85. 2 0 .643  

100. 6 0 .604 

TABLE 4 

Data f r o m  A i r  P e r m e a m e t e r  f o r  

Consolidated Rock C o r e s  

B e r e a  Sandstone Hygiene Sandstone f r o m  
( C o r e  cut  perpendicu la r  t o  P l e r r e  F o r m a t i o n  

vlsible beddlng planes)  (No v i s ib le  bedding planes)  

$ = 0. 206 Pb/y = 4 3  ern. 4 = 0. 250 P / y  = 54 cm.  b 

Knw = 0. 348 p2  Sr = 0. 299 Knw = 0. 128 p 2  S = 0. 577 

X = 3.69 4 e  = 0. 144 X = 4. 17 4e  = 0. 106 

PC IV  S Kenw K r n w  PC I Y  S Kenw Krnw 

( c m . )  (w (cm. 1 (u2) 

dry 0. 00 0.496 d r y  1.42 I 
0.000 0. 171 

51.0 0.687 0.00190 0.00545 57.0 0. 905 0.00126 0 .00985  
51.5 0 .663  0. 00352 0.0101 57 .8  0.890 0.00300 0.0234 
52.4 0. 643 0. 00437 0. 0126 59.0 0.865 0.00580 0.0453 
54.0 0.610 0. 00825 0. 0237 62 .0  0.813 0.0150 0. 117 
56 .6  0. 556 0. 0284 0. 0816 64.4 0.785 0.0217 0. 169 
57.5 0. 540 0.0407 0. 117 67. 5 0 .757 0.0294 0. 230 
59. 3 0. 513 0. 0648 0. 186 70.8 0. 7 2 3  0. 0450 0. 352 
6 2 . 5  0 .473  0.104 0.299 75. 1 0.690 0. 0600 0.469 
67. 5 0.434 0. 148 0.425 85. 2 0 .643  0. 0820 0.640 
74. 3 0. 392 0. 213 0.611 100. 6 0.604 0. 104 0 .813  
85. 0 0. 350 0. 287 0. 825 

117.0 0. 318 0. 330 0. 948 
0. 244 0.425 1. 22 
0. 175 0.469 1. 35 
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Abstract: Following t h e  Burdine approach, a theory is  
presented t h a t  develops t h e  func t iona l  re la t ionsh ips  
among sa tura t ion ,  pressure difference,  and t h e  permea- 
b i l i t i e s  of a i r  and l i q u i d  i n  terms of hydraulic proper- 
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and l iquid permeabilities as a function of saturation 
and capil lary pressure are  predicted from experimentally 
determined hydraulic properties. The theory a lso  des- 
cribes the requirements f o r  similitude between any two 
flow systems i n  porous media when occupied by two i d s -  
cible f lu id  phases when the nonwetting phase i s  s t a t i c  
a id  the flow of the wetting phase i s  described by Darcyls 
law: The requiremnts f o r  similitude are  a lso  expressed 
i n  t e r n  of the  hydraulic properties of porous medin. 

and l iquid permeabilities a s  a function of saturation 
and capil lary pressure are  predicted from experimentally 
determined hydraulic properties'. The theory a lso  des- 
cribes the requirements fo r  similitude between any two 
flow systems i n  porous media when occupied by two innnis- 
c ib le  f lu id  phases when the  nonwetting phase is  s t a t i c  
and the  flow of the wetting phase i s  described by Darcy's 
l a w .  The requirements f o r  similitude are  a lso  expressed 
i n  terms of the  hydraulic properties of porous media. 

and l iquid permeabilities as a function of saturation 
and capil lary pressure are predicted from experimentally 
determined hydraulic properties. The theory a lso  des- 
cribes the requirements for  similitude between nny two 
flow syszems i n  porous rnedia when occupied by two innuis- 
cible f lu id  phases when the nonwetting phase i s  s t a t i c  
and the floii of the uetting phase i s  described by Darcy's 
law. The requremcnts fo r  similitude are a lso  expressed 
i n  terrns of the hydraulic properties of porous media. 

and l iquid prmeabi l i t ies  as a function of saturation 
and capil lary pressure are  predicted from experimentally 
determined hydraulic properties. The theory a lso  des- 
cribes the requirements fo r  similitude between any two 
flow systems i n  porous media when occupied by two i d s -  
cible f lu id  phases when the nonwetting phase i s  s t a t i c  
and the  flow of the wetting phase i s  described by Darcy's 
law. The requirements fo r  similitude are a lso  expressed 
i n  terms of the hydraulic properties of porous media. 
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